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Motivation

• Provision of accurate CSI is a major challenge in wireless systems due to
• dynamic nature of the wireless channel
• estimation inaccuracy
• limited feedback
• ...

w Imperfect CSI must be taken into account in the system design

• We consider the general uncertainty model of block fading channels

w Capacity is known, but optimal signal processing and coding schemes remain unknown
in general

• Such optimal schemes have been found only for very few specific cases and accordingly,
common belief is that it is a hard problem to find them

In this work, we shed some new light upon this issue by
adopting an algorithmic perspective
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Overview Main Results

• We address this issue from a fundamental algorithmic point of view by using the
concept of a Turing machine and the corresponding computability framework

w We study algorithmic computability of the capacity

Perfect CSI

Capacity of discrete memoryless channels
(DMCs) is computable:

C(W ) ∈ Rc

for computable W ∈ CHc(X ;Y).

Imperfect CSI

Capacity of averaged channels (ACs) is in
general non-computable:

C(W) /∈ Rc

for computable W ∈ ACc(X ,S;Y).
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Birth of Information Age

INFORMATION
SOURCE

MESSAGE

TRANSMITTER

SIGNAL RECEIVED
SIGNAL

RECEIVER

MESSAGE

DESTINATION

NOISE
SOURCE

Fig. 1—Schematic diagram of a general communication system.

a decimal digit is about 3 13 bits. A digit wheel on a desk computing machine has ten stable positions and
therefore has a storage capacity of one decimal digit. In analytical work where integration and differentiation
are involved the base e is sometimes useful. The resulting units of information will be called natural units.
Change from the base a to base b merely requires multiplication by logb a.

By a communication system we will mean a system of the type indicated schematically in Fig. 1. It
consists of essentially five parts:

1. An information sourcewhich produces a message or sequence of messages to be communicated to the
receiving terminal. The message may be of various types: (a) A sequence of letters as in a telegraph
of teletype system; (b) A single function of time f t as in radio or telephony; (c) A function of
time and other variables as in black and white television — here the message may be thought of as a
function f x y t of two space coordinates and time, the light intensity at point x y and time t on a
pickup tube plate; (d) Two or more functions of time, say f t , g t , h t — this is the case in “three-
dimensional” sound transmission or if the system is intended to service several individual channels in
multiplex; (e) Several functions of several variables— in color television the message consists of three
functions f x y t , g x y t , h x y t defined in a three-dimensional continuum— we may also think
of these three functions as components of a vector field defined in the region — similarly, several
black and white television sources would produce “messages” consisting of a number of functions
of three variables; (f) Various combinations also occur, for example in television with an associated
audio channel.

2. A transmitter which operates on the message in some way to produce a signal suitable for trans-
mission over the channel. In telephony this operation consists merely of changing sound pressure
into a proportional electrical current. In telegraphy we have an encoding operation which produces
a sequence of dots, dashes and spaces on the channel corresponding to the message. In a multiplex
PCM system the different speech functions must be sampled, compressed, quantized and encoded,
and finally interleaved properly to construct the signal. Vocoder systems, television and frequency
modulation are other examples of complex operations applied to the message to obtain the signal.

3. The channel is merely the medium used to transmit the signal from transmitter to receiver. It may be
a pair of wires, a coaxial cable, a band of radio frequencies, a beam of light, etc.

4. The receiver ordinarily performs the inverse operation of that done by the transmitter, reconstructing
the message from the signal.

5. The destination is the person (or thing) for whom the message is intended.

We wish to consider certain general problems involving communication systems. To do this it is first
necessary to represent the various elements involved as mathematical entities, suitably idealized from their
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• Claude Shannon laid the theoretical foundations for information theory, a mathematical
communication model
w A mathematical theory of communication

C. E. Shannon, “A mathematical theory of communication,” Bell Syst. Tech. J., vol. 27, no. 3, pp. 379–423, Jul.
1948
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Perfect Channel State Information

• Discrete memoryless channels (DMCs)
• Let X and Y with |X | <∞ and |Y| <∞ be finite input and output alphabets
• Probability law for DMCs is specified by the channel

Wn(yn|xn) =
n∏

i=1

W (yi|xi)

w Belong to the class of independent and identically distributed (i.i.d.) channels which
represent the most tractable class of channel laws

The capacity C(W ) of a discrete memoryless channel (DMC) W is

C(W ) = max
X

I(X;Y ) = max
p∈P(X )

I(p,W )

C. E. Shannon, “A mathematical theory of communication,” Bell Syst. Tech. J., vol. 27, no. 3, pp. 379–423, Jul.
1948
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Capacity

The capacity C(W ) of a discrete memoryless channel (DMC) W is

C(W ) = max
X

I(X;Y ) = max
p∈P(X )

I(p,W )

• Entropic quantities

• Single-letter

• Convex optimization problem

• Of particular relevance as it allows to compute the capacity C(W ) as a function of the
channel W given by a convex optimization problem

Can we compute the capacity algorithmically?

C. E. Shannon, “A mathematical theory of communication,” Bell Syst. Tech. J., vol. 27, no. 3, pp. 379–423, Jul.
1948
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1936: Birth of Computer Science

• Alan M. Turing was the first to study this kind of
problems systematically
• He developed a computing model

w Turing machine

• Object of interest: real numbers

A. M. Turing, “On computable numbers, with an application to the Entscheidungsproblem,” Proc. London Math.
Soc., vol. 2, no. 42, pp. 230–265, 1936

——, “On computable numbers, with an application to the Entscheidungsproblem. A correction,” Proc. London
Math. Soc., vol. 2, no. 43, pp. 544–546, 1937

7



Turing Machine: The Most Powerful Computation Model

Program
<latexit sha1_base64="D1yZnKllsqC3Nhi+Y0jBdDV/G3o=">AAAB9XicbVDLSgNBEJyNrxhfUY9ehgTBU9iNgh4DXjxGMA9IYpidzCZD5rHM9KphyX948aCIV//Fm3/jJNmDJhY0FFXddHeFseAWfP/by62tb2xu5bcLO7t7+wfFw6Om1YmhrEG10KYdEssEV6wBHARrx4YRGQrWCsfXM7/1wIzlWt3BJGY9SYaKR5wScNJ9F9gTpHWjh4bIab9Y9iv+HHiVBBkpowz1fvGrO9A0kUwBFcTaTuDH0EuJAU4Fmxa6iWUxoWMyZB1HFZHM9tL51VN86pQBjrRxpQDP1d8TKZHWTmToOiWBkV32ZuJ/XieB6KqXchUnwBRdLIoSgUHjWQR4wA2jICaOEGq4uxXTETGEgguq4EIIll9eJc1qJTivVG8vyrVSFkcenaASOkMBukQ1dIPqqIEoMugZvaI379F78d69j0VrzstmjtEfeJ8/MFeS2w==</latexit>

Tape
<latexit sha1_base64="6XCegSWCaj/jICKHxjOOK2Ryc88=">AAACDXicbZC7TgJBFIZn8YZ4Qy1tJiCJFe6iiZYkNpRouCVAyOxwgAmzl8ycNZINL2Djq9hYaIytvZ1v4yxQKPgnk3z5z2VyfjeUQqNtf1uptfWNza30dmZnd2//IHt41NBBpDjUeSAD1XKZBil8qKNACa1QAfNcCU13fJPUm/egtAj8Gk5C6Hps6IuB4AyN1cueFjoIDxjfAeufN5VAoBWD08zcrrEQppleNm8X7ZnoKjgLyJOFqr3sV6cf8MgDH7lkWrcdO8RuzBQKLs3CTqQhZHzMhtA26DMPdDeeXTOlBeP06SBQ5vlIZ+7viZh5Wk8813R6DEd6uZaY/9XaEQ6uu7HwwwjB5/OPBpGkGNAkGtoXCjjKiQHGTRSCUz5iinE0ASYhOMsnr0KjVHQuiqXby3w5t4gjTU5IjpwRh1yRMqmQKqkTTh7JM3klb9aT9WK9Wx/z1pS1mDkmf2R9/gCsUZs0</latexit>

Read/Write Head
<latexit sha1_base64="adVWeXBSe7L4GyecVgrJN5egpRM=">AAACDXicbZC7TgJBFIZn8YZ4Qy1tJiCJFe6iiZYkNpRouCVAyOxwgAmzl8ycNZINL2Djq9hYaIytvZ1v4yxQKPgnk3z5z2VyfjeUQqNtf1uptfWNza30dmZnd2//IHt41NBBpDjUeSAD1XKZBil8qKNACa1QAfNcCU13fJPUm/egtAj8Gk5C6Hps6IuB4AyN1cuedhAeML4D1j9vKoFAKwanmcLcr7EQppleNm8X7ZnoKjgLyJOFqr3sV6cf8MgDH7lkWrcdO8RuzBQKLs3CTqQhZHzMhtA26DMPdDeeXTOlBeP06SBQ5vlIZ+7viZh5Wk8813R6DEd6uZaY/9XaEQ6uu7HwwwjB5/OPBpGkGNAkGtoXCjjKiQHGTRaCUz5iinE0ASYhOMsnr0KjVHQuiqXby3w5t4gjTU5IjpwRh1yRMqmQKqkTTh7JM3klb9aT9WK9Wx/z1pS1mDkmf2R9/gCxaZs0</latexit>

Mathematical model of an abstract machine that manipulates symbols on a strip of tape
according to certain given rules

A. M. Turing, “On computable numbers, with an application to the Entscheidungsproblem,” Proc. London Math.
Soc., vol. 2, no. 42, pp. 230–265, 1936

——, “On computable numbers, with an application to the Entscheidungsproblem. A correction,” Proc. London
Math. Soc., vol. 2, no. 43, pp. 544–546, 1937
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Turing Machine (2)

Turing machines can simulate any given algorithm and therewith provide a simple but very
powerful model of computation.

• No limitation on computational complexity

• Unlimited computing capacity and storage

• Completely error-free execution of programs

• Most powerful programming languages are Turing-complete (such as C, C++, Java,
etc.)

• All discrete computing models are equivalent
(von Neumann, Gödel, Minsky, . . . )

Any arbitrarily large finite-dimensional problem can be exactly solved without errors by a
Turing machine
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Turing Machine (3)

Turing machines are suited to study the limitations in performance of a digital computer:

Anything that is not Turing computable cannot be computed on a real digital computer,
regardless of how powerful it may be

• Alan Turing introduced the concept of a computable real number in 1936, and
demonstrated some principal limitations of computability

• In 1949 a computable monotonically increasing sequence which converges to a real
non-computable number was constructed

A. M. Turing, “On computable numbers, with an application to the Entscheidungsproblem,” Proc. London Math.
Soc., vol. 2, no. 42, pp. 230–265, 1936

——, “On computable numbers, with an application to the Entscheidungsproblem. A correction,” Proc. London
Math. Soc., vol. 2, no. 43, pp. 544–546, 1937

E. Specker, “Nicht konstruktiv beweisbare Sätze der Analysis,” Journal of Symbolic Logic, vol. 14, no. 3, pp.
145–158, Sep. 1949
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Computability of Numbers

Computable numbers are real numbers that are computable by Turing machines

Exact definition:
• A sequence {rn}n∈N is called a computable sequence if there exist recursive functions
a, b, s : N→ N with b(n) 6= 0 for all n ∈ N and

rn = (−1)s(n)a(n)
b(n)

• A real number x is said to be computable if there exists a computable sequence of
rational numbers {rn}n∈N such that

|x− rn| < 2−n

Key idea: effective approximation

• Rc computable real numbers
• Commonly used constants like e and π are computable
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Computability of Distributions and Channels

• Based on this, we can define computable probability distributions and computable
channels

• We define the set of computable probability distributions Pc(X ) as the set of all
probability distributions

p ∈ P(X ) such that p(x) ∈ Rc, x ∈ X

• Let CHc(X ;Y) be the set of all computable channels, i.e., for a channel

W : X → P(Y) we have W (·|x) ∈ Pc(Y) for every x ∈ X

12



Computability of C(W )

• Warm-up: Let’s see if for a computable channel W ∈ CHc the capacity C(W ) is
computable...

Theorem:

Let X and Y be arbitrary finite alphabets. Then for all computable channels W ∈ CHc we
have

C(W ) = max
p∈P(X )

I(p,W ) ∈ Rc.

w The capacity C(W ) for a computable channel W ∈ CHc is computable and can be
algorithmically computed by a Turing machine!

K. Weihrauch, Computable Analysis - An Introduction. Berlin, Heidelberg: Springer-Verlag, 2000
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Block Fading Channel

Xn Y n M̂
Dec �

<latexit sha1_base64="+PO1aa6avxCwzSG/gEt0JUPC9AI=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAmCp7AbBT0G9OAxgnlAsoTZSW8yZPbBTK8Yl3yJFw+KePVTvPk3TpI9aGJBQ1HVTXeXn0ih0XG+rbX1jc2t7cJOcXdv/6BkHx61dJwqDk0ey1h1fKZBigiaKFBCJ1HAQl9C2x9fz/z2Aygt4ugeJwl4IRtGIhCcoZH6dqmH8IjZDXA67SUj0bcrTtWZg64SNycVkqPRt796g5inIUTIJdO66zoJehlTKLiEabGXakgYH7MhdA2NWAjay+aHT+mpUQY0iJWpCOlc/T2RsVDrSeibzpDhSC97M/E/r5ticOVlIkpShIgvFgWppBjTWQp0IBRwlBNDGFfC3Er5iCnG0WRVNCG4yy+vklat6p5Xa3cXlXo5j6NATkiZnBGXXJI6uSUN0iScpOSZvJI368l6sd6tj0XrmpXPHJM/sD5/ALnnkwc=</latexit>

M
Enc E

<latexit sha1_base64="KS7KkC+1Gf8XauBmXoRkZYZ7BXQ=">AAAB83icbVDLSgNBEJyNrxhfUY9ehgTBU9iNgh4DEvAYwTwgWcLspDcZMju7zPSKYclvePGgiFd/xpt/4+Rx0MSChqKqm+6uIJHCoOt+O7mNza3tnfxuYW//4PCoeHzSMnGqOTR5LGPdCZgBKRQ0UaCETqKBRYGEdjC+nfntR9BGxOoBJwn4ERsqEQrO0Eq9HsITZnXF6bTeL5bdijsHXSfekpTJEo1+8as3iHkagUIumTFdz03Qz5hGwSVMC73UQML4mA2ha6liERg/m988pedWGdAw1rYU0rn6eyJjkTGTKLCdEcORWfVm4n9eN8Xwxs+ESlIExReLwlRSjOksADoQGjjKiSWMa2FvpXzENONoYyrYELzVl9dJq1rxLivV+6tyrbSMI0/OSIlcEI9ckxq5Iw3SJJwk5Jm8kjcndV6cd+dj0ZpzljOn5A+czx/J15Fq</latexit>

Wn
s (yn|xn)

<latexit sha1_base64="+CHvc6/F8JzSfWn3lGpB8uYaGGo=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLBmKCF9KiiR5JvHjERD4SoGS7bGHDdtvsbtWm8j+8eNAYr/4Xb/4bF+hBwZdM8vLeTGbmeRFnStv2t5VbW9/Y3MpvF3Z29/YPiodHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG17k+uZ376nUrFQ3Okkov0AjwTzGcHaSG57oFxRSVzx9OiKs0GxbFftOdAqcTJShgyNQfGrNwxJHFChCcdKdR070v0US80Ip9NCL1Y0wmSCR7RrqMABVf10fvUUnRpliPxQmhIazdXfEykOlEoCz3QGWI/VsjcT//O6sfav+ikTUaypIItFfsyRDtEsAjRkkhLNE0MwkczcisgYS0y0CapgQnCWX14lrVrVOa/Wbi/K9VIWRx5OoAQVcOAS6nADDWgCAQnP8Apv1oP1Yr1bH4vWnJXNHMMfWJ8/MT6SNQ==</latexit>

S
<latexit sha1_base64="zDDPQTezu9VJWOYjtfMFSk2k3HE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlAjHxRHbRRI8kXjxClEcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzCRBP6JDyUPOqLFS475fLLsVdwGyTryMlCFDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZObfKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1440+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtKoV77JSbVyVa6UsjjycQQkuwINrqMEd1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKXTjLs=</latexit>

<latexit sha1_base64="TxcOiwYiZvzhn6xci4s/gzcPPto=">AAAB8nicbVDLSsNAFL3xWeur6tJNaBFclaSIuiy4cVnBPiANZTKdtkMnM2HmRiihn+HGhSJu/Rp3/o2TNgttPTBwOOde5twTJYIb9LxvZ2Nza3tnt7RX3j84PDqunJx2jEo1ZW2qhNK9iBgmuGRt5ChYL9GMxJFg3Wh6l/vdJ6YNV/IRZwkLYzKWfMQpQSsF/ZjghBKRdeeDSs2rewu468QvSA0KtAaVr/5Q0TRmEqkgxgS+l2CYEY2cCjYv91PDEkKnZMwCSyWJmQmzReS5e2GVoTtS2j6J7kL9vZGR2JhZHNnJPKJZ9XLxPy9IcXQbZlwmKTJJlx+NUuGicvP73SHXjKKYWUKo5jarSydEE4q2pbItwV89eZ10GnX/ut54uKo1q0UdJTiHKlyCDzfQhHtoQRsoKHiGV3hz0Hlx3p2P5eiGU+ycwR84nz+KZpFU</latexit>W<latexit sha1_base64="drvQKVI6IFKFZ26AkFuloboqg7o=">AAAB+3icbVBNS8NAEN34WetXrEcvoUXwVJIi6rHgxWOFfkEbymY7aZduNmF3Ii0hf8WLB0W8+ke8+W/cfhy09cHA470ZZuYFieAaXffb2tre2d3bLxwUD4+OT07ts1Jbx6li0GKxiFU3oBoEl9BCjgK6iQIaBQI6weR+7neeQGkeyybOEvAjOpI85IyikQZ2qY8wxaypqNQRRwSVD+yKW3UXcDaJtyIVskJjYH/1hzFLI5DIBNW657kJ+hlVyJmAvNhPNSSUTegIeoZKGoH2s8XtuXNplKETxsqURGeh/p7IaKT1LApMZ0RxrNe9ufif10sxvPMzLpMUQbLlojAVDsbOPAhnyBUwFDNDKFPc3OqwMVWUmQx00YTgrb+8Sdq1qndTrT1eV+rlVRwFckHK5Ip45JbUyQNpkBZhZEqeySt5s3LrxXq3PpatW9Zq5pz8gfX5AwaSlPw=</latexit>

Transmitter
<latexit sha1_base64="aBIUry3W5y87ntf6seD84Gqkf+o=">AAAB+HicbVDLSsNAFJ34rPXRqEs3oUVwVZIi6rLgxmUV+4A2lMn0ph06mYSZG7GGfokbF4q49VPc+TdO2yy09cDA4ZxzuXdOkAiu0XW/rbX1jc2t7cJOcXdv/6BkHx61dJwqBk0Wi1h1AqpBcAlN5CigkyigUSCgHYyvZ377AZTmsbzHSQJ+RIeSh5xRNFLfLvUQHjG7Awbc5KZ9u+JW3TmcVeLlpEJyNPr2V28QszQCiUxQrbuem6CfUYWcCZgWe6mGhLIxHULXUEkj0H42P3zqnBpl4ISxMk+iM1d/T2Q00noSBSYZURzpZW8m/ud1Uwyv/IzLJEWQbLEoTIWDsTNrwRlwBQzFxBDKFDe3OmxEFWVouiqaErzlL6+SVq3qXVRrt+eVejmvo0BOSJmcEY9ckjq5IQ3SJIyk5Jm8kjfryXqx3q2PRXTNymeOyR9Ynz9gXZN2</latexit>

Receiver

<latexit sha1_base64="9depfNYKWIEHaNVOO+7b3eqZiaY=">AAACAHicbVDLSsNAFJ3UV62vqAsXboYWwVVJiqjLgiAuK9oHtKFMJtN26GQSZm7EErLxV9y4UMStn+HOv3HaZqGtBy4czrl35t7jx4JrcJxvq7Cyura+UdwsbW3v7O7Z+wctHSWKsiaNRKQ6PtFMcMmawEGwTqwYCX3B2v74auq3H5jSPJL3MImZF5Kh5ANOCRipbx/1gD1Cek0CLof4DoysgdOsb1ecqjMDXiZuTiooR6Nvf/WCiCYhk0AF0brrOjF4KVHmNcGyUi/RLCZ0TIasa6gkIdNeOjsgwydGCfAgUqYk4Jn6eyIlodaT0DedIYGRXvSm4n9eN4HBpZdyGSfAJJ1/NEgEhghP08ABV4yCmBhCqOJmV0xHRBEKJrOSCcFdPHmZtGpV97xauz2r1Mt5HEV0jMroFLnoAtXRDWqgJqIoQ8/oFb1ZT9aL9W59zFsLVj5ziP7A+vwBMJyWsg==</latexit>

Fading Statistic
<latexit sha1_base64="r2+QjoOlPJD4OTsqk3Q5NmNq8iU=">AAAB6nicbVBNS8NAEJ34WetX1aOXpUXwVJIi6rHgxWOl9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHstHM03Qj+hI8pAzaqzUTAbNQaniVt0FyDrxclKBHI1B6as/jFkaoTRMUK17npsYP6PKcCZwVuynGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPUzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+1a1buu1h6uKvVyHkcBzqEMl+DBDdThHhrQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwArso2h</latexit>

pS

• Let S be an arbitrary state (uncertainty) set
• State s ∈ S is unknown, but remains constant and follows the statistic pS ∈ P(S)

The averaged channel (AC)

W :=
{
{Ws ∈ CH(X ;Y)}s∈S , pS ∈ P(S)

}
is given by the collection of all channels Ws ∈ CH(X ;Y) for all states s ∈ S and additional
probability distribution pS ∈ P(S) on the state set S.
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Averaged Channel

Xn Y n M̂
Dec �

<latexit sha1_base64="+PO1aa6avxCwzSG/gEt0JUPC9AI=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAmCp7AbBT0G9OAxgnlAsoTZSW8yZPbBTK8Yl3yJFw+KePVTvPk3TpI9aGJBQ1HVTXeXn0ih0XG+rbX1jc2t7cJOcXdv/6BkHx61dJwqDk0ey1h1fKZBigiaKFBCJ1HAQl9C2x9fz/z2Aygt4ugeJwl4IRtGIhCcoZH6dqmH8IjZDXA67SUj0bcrTtWZg64SNycVkqPRt796g5inIUTIJdO66zoJehlTKLiEabGXakgYH7MhdA2NWAjay+aHT+mpUQY0iJWpCOlc/T2RsVDrSeibzpDhSC97M/E/r5ticOVlIkpShIgvFgWppBjTWQp0IBRwlBNDGFfC3Er5iCnG0WRVNCG4yy+vklat6p5Xa3cXlXo5j6NATkiZnBGXXJI6uSUN0iScpOSZvJI368l6sd6tj0XrmpXPHJM/sD5/ALnnkwc=</latexit>

M
Enc E

<latexit sha1_base64="KS7KkC+1Gf8XauBmXoRkZYZ7BXQ=">AAAB83icbVDLSgNBEJyNrxhfUY9ehgTBU9iNgh4DEvAYwTwgWcLspDcZMju7zPSKYclvePGgiFd/xpt/4+Rx0MSChqKqm+6uIJHCoOt+O7mNza3tnfxuYW//4PCoeHzSMnGqOTR5LGPdCZgBKRQ0UaCETqKBRYGEdjC+nfntR9BGxOoBJwn4ERsqEQrO0Eq9HsITZnXF6bTeL5bdijsHXSfekpTJEo1+8as3iHkagUIumTFdz03Qz5hGwSVMC73UQML4mA2ha6liERg/m988pedWGdAw1rYU0rn6eyJjkTGTKLCdEcORWfVm4n9eN8Xwxs+ESlIExReLwlRSjOksADoQGjjKiSWMa2FvpXzENONoYyrYELzVl9dJq1rxLivV+6tyrbSMI0/OSIlcEI9ckxq5Iw3SJJwk5Jm8kjcndV6cd+dj0ZpzljOn5A+czx/J15Fq</latexit>

Wn
s (yn|xn)

<latexit sha1_base64="+CHvc6/F8JzSfWn3lGpB8uYaGGo=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLBmKCF9KiiR5JvHjERD4SoGS7bGHDdtvsbtWm8j+8eNAYr/4Xb/4bF+hBwZdM8vLeTGbmeRFnStv2t5VbW9/Y3MpvF3Z29/YPiodHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG17k+uZ376nUrFQ3Okkov0AjwTzGcHaSG57oFxRSVzx9OiKs0GxbFftOdAqcTJShgyNQfGrNwxJHFChCcdKdR070v0US80Ip9NCL1Y0wmSCR7RrqMABVf10fvUUnRpliPxQmhIazdXfEykOlEoCz3QGWI/VsjcT//O6sfav+ikTUaypIItFfsyRDtEsAjRkkhLNE0MwkczcisgYS0y0CapgQnCWX14lrVrVOa/Wbi/K9VIWRx5OoAQVcOAS6nADDWgCAQnP8Apv1oP1Yr1bH4vWnJXNHMMfWJ8/MT6SNQ==</latexit>

S
<latexit sha1_base64="zDDPQTezu9VJWOYjtfMFSk2k3HE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlAjHxRHbRRI8kXjxClEcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzCRBP6JDyUPOqLFS475fLLsVdwGyTryMlCFDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZObfKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1440+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtKoV77JSbVyVa6UsjjycQQkuwINrqMEd1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKXTjLs=</latexit>

<latexit sha1_base64="TxcOiwYiZvzhn6xci4s/gzcPPto=">AAAB8nicbVDLSsNAFL3xWeur6tJNaBFclaSIuiy4cVnBPiANZTKdtkMnM2HmRiihn+HGhSJu/Rp3/o2TNgttPTBwOOde5twTJYIb9LxvZ2Nza3tnt7RX3j84PDqunJx2jEo1ZW2qhNK9iBgmuGRt5ChYL9GMxJFg3Wh6l/vdJ6YNV/IRZwkLYzKWfMQpQSsF/ZjghBKRdeeDSs2rewu468QvSA0KtAaVr/5Q0TRmEqkgxgS+l2CYEY2cCjYv91PDEkKnZMwCSyWJmQmzReS5e2GVoTtS2j6J7kL9vZGR2JhZHNnJPKJZ9XLxPy9IcXQbZlwmKTJJlx+NUuGicvP73SHXjKKYWUKo5jarSydEE4q2pbItwV89eZ10GnX/ut54uKo1q0UdJTiHKlyCDzfQhHtoQRsoKHiGV3hz0Hlx3p2P5eiGU+ycwR84nz+KZpFU</latexit>W<latexit sha1_base64="drvQKVI6IFKFZ26AkFuloboqg7o=">AAAB+3icbVBNS8NAEN34WetXrEcvoUXwVJIi6rHgxWOFfkEbymY7aZduNmF3Ii0hf8WLB0W8+ke8+W/cfhy09cHA470ZZuYFieAaXffb2tre2d3bLxwUD4+OT07ts1Jbx6li0GKxiFU3oBoEl9BCjgK6iQIaBQI6weR+7neeQGkeyybOEvAjOpI85IyikQZ2qY8wxaypqNQRRwSVD+yKW3UXcDaJtyIVskJjYH/1hzFLI5DIBNW657kJ+hlVyJmAvNhPNSSUTegIeoZKGoH2s8XtuXNplKETxsqURGeh/p7IaKT1LApMZ0RxrNe9ufif10sxvPMzLpMUQbLlojAVDsbOPAhnyBUwFDNDKFPc3OqwMVWUmQx00YTgrb+8Sdq1qndTrT1eV+rlVRwFckHK5Ip45JbUyQNpkBZhZEqeySt5s3LrxXq3PpatW9Zq5pz8gfX5AwaSlPw=</latexit>

Transmitter
<latexit sha1_base64="aBIUry3W5y87ntf6seD84Gqkf+o=">AAAB+HicbVDLSsNAFJ34rPXRqEs3oUVwVZIi6rLgxmUV+4A2lMn0ph06mYSZG7GGfokbF4q49VPc+TdO2yy09cDA4ZxzuXdOkAiu0XW/rbX1jc2t7cJOcXdv/6BkHx61dJwqBk0Wi1h1AqpBcAlN5CigkyigUSCgHYyvZ377AZTmsbzHSQJ+RIeSh5xRNFLfLvUQHjG7Awbc5KZ9u+JW3TmcVeLlpEJyNPr2V28QszQCiUxQrbuem6CfUYWcCZgWe6mGhLIxHULXUEkj0H42P3zqnBpl4ISxMk+iM1d/T2Q00noSBSYZURzpZW8m/ud1Uwyv/IzLJEWQbLEoTIWDsTNrwRlwBQzFxBDKFDe3OmxEFWVouiqaErzlL6+SVq3qXVRrt+eVejmvo0BOSJmcEY9ckjq5IQ3SJIyk5Jm8kjfryXqx3q2PRXTNymeOyR9Ynz9gXZN2</latexit>

Receiver

<latexit sha1_base64="9depfNYKWIEHaNVOO+7b3eqZiaY=">AAACAHicbVDLSsNAFJ3UV62vqAsXboYWwVVJiqjLgiAuK9oHtKFMJtN26GQSZm7EErLxV9y4UMStn+HOv3HaZqGtBy4czrl35t7jx4JrcJxvq7Cyura+UdwsbW3v7O7Z+wctHSWKsiaNRKQ6PtFMcMmawEGwTqwYCX3B2v74auq3H5jSPJL3MImZF5Kh5ANOCRipbx/1gD1Cek0CLof4DoysgdOsb1ecqjMDXiZuTiooR6Nvf/WCiCYhk0AF0brrOjF4KVHmNcGyUi/RLCZ0TIasa6gkIdNeOjsgwydGCfAgUqYk4Jn6eyIlodaT0DedIYGRXvSm4n9eN4HBpZdyGSfAJJ1/NEgEhghP08ABV4yCmBhCqOJmV0xHRBEKJrOSCcFdPHmZtGpV97xauz2r1Mt5HEV0jMroFLnoAtXRDWqgJqIoQ8/oFb1ZT9aL9W59zFsLVj5ziP7A+vwBMJyWsg==</latexit>

Fading Statistic
<latexit sha1_base64="r2+QjoOlPJD4OTsqk3Q5NmNq8iU=">AAAB6nicbVBNS8NAEJ34WetX1aOXpUXwVJIi6rHgxWOl9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHstHM03Qj+hI8pAzaqzUTAbNQaniVt0FyDrxclKBHI1B6as/jFkaoTRMUK17npsYP6PKcCZwVuynGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPUzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2naEPwVl9eJ+1a1buu1h6uKvVyHkcBzqEMl+DBDdThHhrQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwArso2h</latexit>

pS

The capacity C(W) of an averaged channel W is

C(W) = sup
p∈P(X )

inf
s∈S

I(p,Ws)

• Analytically well understood (closed-form single letter entropic expression)
• Surprisingly, not much known about its algorithmic computability and the optimal

signal processing

w Study its structure and algorithmic computability of optimal strategies

R. Ahlswede, “The weak capacity of averaged channels,” Z. Wahrscheinlichkeitstheorie verw. Gebiete, vol. 11, pp.
61–73, Mar. 1968
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Computability of C(W)

An AC W = {{Ws ∈ CHc(X ;Y)}s∈S , pS ∈ P(S)} is said to be computable if there is a
recursive function ϕ : S → CHc(X ;Y) with ϕ(s) =Ws for all s ∈ S and pS is a computable
probability distribution. The set of all computable ACs is denoted by ACc(X ,S;Y).

w The set W is algorithmically constructible, i.e., for every state s ∈ S the channel Ws

can be constructed by an algorithm with input s

Theorem:

Let X and Y be arbitrary finite alphabets. Then there is a computable averaged channel
W ∈ ACc(X ,S;Y) such that

C(W) = sup
p∈P(X )

inf
s∈S

I(p,Ws) /∈ Rc.

w Although the channel itself is computable, i.e., W ∈ ACc(X ,S;Y), it is not possible to
algorithmically compute C(W)!
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Discussion

• Computability framework based on Turing machines

• Computability of capacities

w Capacity value of DMCs is computable: C(W ) ∈ Rc

w Capacity value of ACs is in general not computable: C(W) /∈ Rc

• Search for capacity-achieving transmission schemes
• Goal: Turing machine T(n) = (E∗

n, φ
∗
n) that outputs an optimal encoder E∗

n and optimal
decoder φ∗n providing the maximal possible rate while guaranteeing error probability ε

w Not possible in general for ACs!
(Note that it is not required that the Turing machine depends recursively on the channel;
it is only asked if it is possible to find such a search algorithm for a fixed and given
channel and error)

w Further studies on the algorithmic constructability of codes:

H. Boche, R. F. Schaefer, and H. V. Poor, “Turing meets Shannon: Algorithmic constructability of capacity-achieving
codes,” in Proc. IEEE Int. Conf. Commun., Montreal, QC, Canada, Jun. 2021
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