
• We consider the quadratic loss

where .
• Risk-aware ridge regression problem
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⇥
(y � ✓Tx)2 + �k✓k22

⇤
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✓o 2 R7, x 2 R7 indep. unif. in [0, 2], � ⌘ 0.1 and ↵ ⌘ 0.2
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`(f✓(x), y) = (y � ✓Tx)2 + �k✓k2
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y = ✓T
o x+ w, w ⇠ N (0,�2

w) x ⇠ N (0,�2
xI).

CV@R Risk-Aware Learning Problem Formulation

Technical Framework

Main Result
<latexit sha1_base64="7NhOohbuG1gaBwQYGvMGVwKKabU="></latexit>

Theorem 1. (Linear Convergence of CV@R-SGD) Fix ↵ 2 (0, 1), let Assumption 1 be in e↵ect and suppose
that, for a set � ⌘ �m ⇥ [�1, t], with �m ✓ Rm, it holds that (✓⇤, t⇤) 2 argmin�G↵(✓, t) 6= ;, and that the loss
`(f(x, ·), y) obeys the A-restricted P L inequality with parameter µ > 0 relative to PD on �. Further, for fixed T 2 N,
let � be small enough such that

En{tn+1|Dn} � tn + 2�µ(t⇤ � tn)+, 8n 2 NT .

As long as �T , {✓n, tn}n2NT ✓ �, G↵ is L ⌘ L↵-smooth on �T , and 2µmin{�, �} < 1, it is true that

E
�
G↵(✓

T+1, tT+1)�G↵(✓
⇤, t⇤)

 

 (1� 2µmin{�, �})T (G↵(✓
0, t0)�G↵(✓

⇤, t⇤)) +
(max{�, �})2

min{�, �}
L(1 + C2

T )

4↵2µ
,

where supn2NT
E{kr✓`(f(xn+1,✓n), yn+1)k22}  C2

T .

CV@R-SGD Algorithm

• Definition for                 : 

• Assess tail loss events, not only mean losses
• Intuitive tradeoff between

risk neutrality and     minimax robustness
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Proposition 1. (Strong Convexity =) Set-Restricted P L) Suppose that the loss `(f(x, ·), y) is L-smooth and
µ-strongly convex for PD-almost all (x, y). Then, for every pair (✓,B) 2 Rm ⇥ B(D) such that PD(B) > 0, it is true
that

1

2
kE{r✓`(f(x,✓), y)|B)}k22 � µE{`(f(x,✓), y)� `?(B)|B},

where `?(B) ⌘ infe✓ E{`(f(x, e✓), y)|B}.
<latexit sha1_base64="+yxWX7pZmX9vHk7opt8Quqhul9A="></latexit>

Assumption 1. Unless the function `(f(x, ·), y) is convex on Rm for PD-almost all (x, y), then for each ✓ 2 Rm:

1. `(f(x, ·), y) is C✓(x, y)-Lipschitz on a neighborhood of ✓ for PD-almost all (x, y), and EPD{C✓(x, y)} < 1.

2. `(f(x, ·), y) is di↵erentiable at ✓ for PD-almost all (x, y), and PD(`(f(x,✓), y) = t) ⌘ 0 for all (✓, t) 2 Rm ⇥R.
<latexit sha1_base64="y859TlrftHxFO52dqm0p64OxjlA="></latexit>

• Reformulation as a risk-neutral program

• Structural benefits of the original CV@R problem are gone!
• E.g., strong convexity of the loss does not imply strong 

convexity of the reformulated problem.
• Standard 𝒪(1/√𝑇) rates seem to be all we can get (prior work)
• Still, it is expected standard SGD schemes should work well.

• Is this the case? Under which conditions?
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A(✓, t) , {(x, y) 2 D|`(f(x,✓), y)� t > 0}
<latexit sha1_base64="UGwHjcD1C4oHlrSkBh086C05xXA="></latexit>

rG↵(✓, t)=

2

64
1

↵
EPD{1A(✓,t)(x, y)r✓`(f(x,✓), y)}

� 1

↵
EPD{1A(✓,t)(x, y)}+ 1

3

75

↵ ! 0
<latexit sha1_base64="RMMJAG1kzI+2VGWUMvZaOPWzEP8="></latexit>

<latexit sha1_base64="FwH6eThJjaAPwmb6rai23a+Mawo="></latexit>

CV@R↵(Z) , inf
t2R

n
t+

1

↵
E{(Z � t)+}

o
, ↵ 2 (0, 1]


