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Motivation i

\ Why study a detection problem in the Matched Signal Transform (MST) domain?

The Matched Signal Transform (MST) can be employed to:

v’ suppress wide-band time-varying interference,

v" track the Instantaneous Frequency Laws (IFLs) of multi-component non-stationary signals,

v" process nonlinear beat signals provided by a Frequency Modulated Continuous Wave
(FMCW) Radar.
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The Matched Signal Transform (I\/IST)erenmeb»*,‘v‘

Definition:

S(a) =j |9’(t)|s(t)e‘j2”“9(t)dt a :modulation rate
teD 0 (t) : characteristic (basis) function

S (t) ‘ S (O()

Time domain Modulation rate domain

An essential property for non-stationary signals:

M M
s(t) = Z A, eI2M0mO) oy S(r) = Z A 5(a—ay)
m=1 m=1

Localizes non-stationary signals described by 6(t) at their modulation rates.
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Characteristic

Classical MSTs )/,

Time-Frequency representation of

: Transform _
function the matched signal
— 500

Fourier L
%)
O(t) =t . 5
© S(a) = f s(t)e J2mat o
teD L
Linear MST =
>
_ 42 _ g
o) =t S(a) = J 12t|s(HeI2mat’qr |3
teD T
Exponential ¥
>
a(t) = et | S(a) =j |kekt|s(t)e"j2”“ektdt 3
teD §
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MST and Time warping )/,‘

w(ty) = 9_1(tw)

M M
s(t) = 2 Apel?™m0O —  Swarp(tw) = 2 A, eJ2mnty
m=1

Warping operator m=1
{W ‘C;—V; > 0;x(t) » Wx(t) = X(W(t))}

All IFLs become simultaneously complex sinusoids (stationary components).
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0 Tir(r)1'e5 [s] 1 Warped time axis t
. Time warping-based MST
Direct MST 'me Warping

(Fourier transform in the warped time axis)

S(a) =j |0'(t)|s(t)e_j2”“9(t)dt S(a) =] Swarp(tw)e_jznatwdtw
teD t

wE€Dy
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MST implementations )/,‘

Analog MSTs

5@ = [ _10©Is@e 0 | 5@ = syarplte s,
teD twEDy

Discretization
sn] =s(t,), t,=nTg, n=0,N-1

ak,k=O,K—1

Discrete MSTs

N— N—-1
1 1 .
Sustlk] = 62 16" (t,)|s[n] e~ /2me0(tn) Srslk] = N Swln]e /4™ %ktwn
n=0 n=0
N-1 .
B , _ o s, [n] : resampled version of s[n]
0= 16" (t,,)| : amplitude normalization at the moments ¢,, , = nTs.,
n=0

_ _ Time Resampling
Direct MST: summation for each a;, +

Fast Fourier Transform (FFT)
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Time resampling )/\

s{(t) = Ay pJ2ma,6(t)

- — 2 3
s, In the initial time axis (uniform sampling) e.g.. 6(t) =t~ +t
1600000085 5% m & d R
RV W b1 sl tn =
o 05 1 5 l“ . .
t[s] Warping with
s1In the warped tlme aX|s (non -uniform sampling) ty = 0(t)

R VAT AVAVATATATA (tw) [n], 8(t,)
s ‘ S1\lw Sl nj, n
T VUVVVVVVVV
0 2 4 6 8 10 12 ]
t, Resampling
sq in the warped tlme axis + resampling (uniform sampling) (Interpolation)

== ﬂ ﬂ ﬂ ﬂ ﬂ 51 (tw) Swlnl,
WMVVVVVUUUU S =Ty,
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The MST of noisy signals ),1‘

M
x[n] = Z AmejZRamB(nTs) + wgn] + jw;[n] = s[n] + w[n]

m=1
Complex Circular E{wg,[n]} =0

White Gaussian Noise E {|WR,1[71]|2} — 52

Matched signal +

Expectation of the MST’s squared magnitude
0

v E{|XRS[k]|2} :FN.earéstneithborF
« Nearest neighbor interpolation _E‘EZ?{MST

« Linear interpolation

v E{|Xusrlk]l?}

The noise floor in the MST domain

depends on: \

E [MST/squared magnitude] [dB]

Implementation ~
& ™

Modulation rate.
-1500-1000 -500 O 500 1000 1500

Modulation rate
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The MST of noise samples ),/‘

[ E{WRI } 0
win| = Wg [n] + jw; [n] Complex Circular {

White Gaussian Noise | g {|WR'I[n]|2} = o2

Probability Density 1w _cd?v* Characteristic

— 2
Function (PDF) filu) = e 20° «—— Fi(v)=e 2 Function (CF)

2O

What is the PDF of the noise samples in the MST domain?

Direct implementation Time resampling Implementation
N—
; 1 —j2magt
Wysrlk] = ZIH (tn)lw[n] e=/2ma6(tn) Wrslk :N nle o
ReitWysrlkl}  Im{Wysrlkl} Re{Wkgslk]} Im{Wkgslk]}
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The MST of noise samples )Il \

Direct implementation 7
N-1 1 N-
Re(Wigsrlk]} = ) wylnl=10"(6n)] cos(2ma0(t)) + z 516/ (6] sin(2m,6(t))
n=0 n=0
N-1 N-
Im{Wysrlk]} == ) wgln ] |‘9 (t)| sin(2ma 6(ty)) + z wy[n |9 (tn)] cos(2ma,0(ty))

0

S
Il

v The real and imaginary parts of a sample Wy, sr[k] are a weighted sum of the initial

noise samples. The PDF of Re/Im{Wysr|k]} can be computed using classical
results of random variables theory.

< Ifxg, x4, ..., xy_4 are random variables having the CFs F, (v), F;,, (v), ..., Fy, _, (v),
then the CF of s | N-1

i N—1

! The CF of a Gaussian noise
I _ 2 )
i Fre/mw skl (v k) = eXp{ (@2 ,Z 16"t > 5 } independent of

o
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The MST of noise samples )'\
Resampling-based implementation (1) !

Interpolation method: Nearest neighbor

s(t) After nearest neighbor resampling:
s[n] Uniform sampling L Some samples may not appear anymore,
L While others may be repeated.

\/ g 1.4
We can define an index function
Swarp(tw) _ _ Bln,l]
s[n] Non-uniform sampling | 1, Jink N samples from the initial signal to

t N samples of the resampled one, in the
W

v > following way:

S (t ) _ _ Sample n from the initial signal appears in
el Nearest neighbor resampling | the resampled signal at the indices:

Sw[n] T t ﬂ[n) 1]lﬁ[nl 2]; ,ﬁ[n,V(n)],
> | where v(n) is the number of repetitions of
* ) sample n.
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The MST of noise samples )Il \

Resampling-based implementation (2) /7
Interpolation method: Nearest neighbor
N- v(l) V(l)
Re{Wgs|k]} = Z Nz cos(Znaktwﬁ nl ) + Z wyn z sm(Znaktw,ﬁ[n,l])
n=0
N- v(l) V(l)
Im{Wgs[k]} = z N 2 sm(ZnaktWﬁ nl ) + z wyn z cos(2naktw’3[n,l])

v The real and imaginary parts of a sample WRS[k] are a welghted sum of the
initial noise samples that takes into account the index function B[n, [].

The CF of a Gaussian noise, whose variance o3, [k] depends on:
» «ay . the modulation rate,
» [|n, ] : the actual linking between the initial signal and the resampled one.
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Detection scheme in the MST domain (1) ),‘

/
Peak picking @

) J
Bin k
Y

Compute local Compute
variances [~ threshold [<*—Pg

\

xn] — MST L] | P

(W[k]I* = Re{W[k]}* + Im{W[k]}* 1 -
Sum of two squared independent ™ PDF 12 (u) = 202 [k P <— 22—k]> and Pp = J PDF |2 () du
Gaussian variables. W Y
0.014 . . ' . . . 0
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Detection scheme in the MST domain (2) ),‘

Peak picking @

N

\

xn] — MST L] | P

Bink | !
5 Comp_ute local Compute
Hy: E{|X[k]|2} — |Ak| 4+ 20.‘%/[](] variances — threshold [<*—Pg

Ho: EXIX[k]I?} = 20y [K]

ROC (circular noise)
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-6
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Contributions:

« \We point out the characteristics of white Gaussian noise in the
MST domain, and

* Propose a detection scheme for non-stationary signals processed
with two implementations of the discrete MST.

In future work:

« The theoretical parameters of the noise in the MST domain will
be determined for other interpolation methods.

* The results will be applied to radar and ultrasound applications.
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