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Motivation: Positron Emission Tomography

Background: Generalized Sampling

Measurement Consistency Principle Statistical Results
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Scalable estimators
beyond histograms
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Fs = 1

ca[k] = hf,'a
ki

ca[k] = (g ⇤ f)(k) = hf,'a
ki where 'a

k(x) = g(k � x)

Represent f on a shift-invariant space

Vs =

(
f̃ =

X

k2Z
cs[k]'

s
k : cs 2 `2

)
⇢ L2(R)

Orthogonal projection (min L2)

Bona-fide Relaxation of Consistency

) optimal cs (L2-wise) can be obtained by convolution

cs[k] = (q ⇤ ca)[k], 8k 2 Z

If Va = {f̆ =
P

k2Z ca[k]'
a
k : ca 2 `2} = Vs

f̃ =
P

k2Z cs[k]'
s
k with

, q̂(!) = 1/r̂a,s(!), with ra,s[k] = h'a
k,'

si.

hf̃ ,'a
l i =

X

k2Z
(q ⇤ ca)[k]h's

k,'
a
l i

= (ra,s ⇤ q ⇤ ca)[l] = ca[l] = hf,'a
l i ,

Estimating a standard Gaussian from 103 samples, h from
0.8 to 1.6, averaged over 120 realizations
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Error vs Discretization Step

Expected ⌘̃2 for f̃

Empirical ⌘̃2 for f̃

Empirical ⌘̃2 for f̃+

Estimating an equal mixture between N (�3, 1) and
N (3, 1) from 102 samples ('a = 's = �3 and
ra,s[k] = �7(k)) with h = 0.9

(zoomed-in view)

min
f̆2Vs

n
khf,'a

ki � hf̆ ,'a
kik22

o

such that f̆(x) � 0, 8x 2 R and

Z
f̆(x)dx = 1

Approximating the non-negativity constraint with a
factor M interpolation

Efficient, easy convex problem

min
cs2`2

�
kca[k]� (ra,s ⇤ cs)[k]k22

 

such that (c"Ms [k] ⇤ 's(k/M))[q] � 0, 8q 2 Z

and
X

k2Z
cs[k] = 1

BF


