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MONOTONICITY IN GAMES

We analyze the fundamental theory of Quadratic Problems (QP) with single constraints. e Given a convex subspace X C R"”, a mapping F : X — R" is monotone if:

These problems possess strong duality under Slater’s condition. (F(x)-Fy)t(x—-y)>o0, Vx,y € X

Quadratic Problem:
e Examples (borrowed from [4]):

min z? Aoz + 2boz + o F(z) F(z)

X

S.t. ZETA;[CL“ + 2b1 + C1 < 0

where A, € S, b; € R", ¢; € R.
Lagrangian: L(z,\) = 27 (Ag + AA1)x + 2(bo + Xo + Ab1) @ + co + Ay

/ T

e Monotone games = existence of NE & algorithms that converge to NE.

Dual problem:

max
A,y i

st. AN>0
[ Ay + \A, by + \by

e Coupling among players is limited.

(bo + )\bl)T co+ Aep — e Monotonicity 1s a strong requirement.

Strong duality: the optimal values of both problems coincide. PROBLEM FORMULATION
Given a set of players Q = {1,...,Q}, we introduce the quadratic potential game G, where
POTENTIAL GAME every player i € Q has to solve

Consider a strategic non-cooperative game G = {Q, X', { fi }ico} where miﬂg fi(zi,x_;) = 2T Aliz; 42 Z ij Az, + 26T z; + co;
Vie Q@ (%€ ji (6)

E

e O isthe set of Q players.

o X =X x...x Xo C R"is the set of pure strategies, i.e. v = (z;);c0 € Q.

. . | i Al G AY ¢ RMX" S ig the set of symmetric matrices of size n;
e function f; : X; — R is the payoff for player . ® Ag, A1 €0, 47 € ) y n

. . . . . boi, b1; € R™ are column vectors;
e A game G is called an exact potential game if there exists a function V' (x) such that ® Y0is U1

® Co;, c1; € R are scalar numbers.
filzs,x—i) — filyi,z—;) = V(xs, x—i) — V(yi, 2—;) Va, € Xy, x_y € X_. (4)
e The game is potential if, and only if, its Jacobian given by

e EQUIVALENT QUADRATIC POTENTIAL PROBLEM:

CALL L ALNC
min V(z) =2’ Aoz + 205z + 12 o ) Ag=| : :
S.t. xZTA’j:EZ = Qb{ixi +c1; <0 Vi e Q. _A(])V1 T AEZ)VN_

- i A (ATINT
e Potential problem has multiple constraints. is symmetric, i.e., Ag = (A )" .

e Solving the potential problem (5) provides an NE solution of the game. v A%do not need to be positive semidefinite. The problems do not need to be convex.
e Notation: by = (o), b1 = (b1))2,, co = (coi)™,, A1 = diag[AL,... AL ... A%, The quadratic game does not need to be monotone.

D(A) = diag|A\| ® Lyxn, €1 = (017;)?:1, “diag” is the block diagonal matrix operator and

“®” is the Kronecker product. APPLICATIONS

Optimal localization (Non-Convex :
ANALYSIS RESULTS OVER THE POTENTIAL PROBLEM TP ( ) * Robust Least Squares (MinMax)
min & — |z — yil?)? i A+ Az —35—b
e Strong duality: primal problem can be solved through the dual zER™ 72( H ") ceRn {11(A;, gﬁ?ri}ieg I(A4+ A |
(—(bo + D(A)b1)" (Ao + D(A) A1) (bo + D(A)br)
T T - anchor node y €XT
i) = Tl t A a if Ag+ D(A)A;1 =0 T"f o E o P 1
and (by + D(A)b1) € R(Ag + D(A)A;) d é J— S l.l;.- -I C
\ —00 otherwise. \ # unknown node :‘ / - = 3 u
—g5 L —
o o . ¥ . ¥ N
e Coercivity: lim A) = —o0 é o/ = N
Y WAW+me ) ] f#éh‘wmm ______ “WHTE.{ Eﬂ - | O
o Existence of solution < existence of NE < {\ € RY | A4y + D(A)A; = 0} is nonempty. LS [ ----- e b e M x N (M < N) o
(gl 5 v f’ N
P S P i
ALGORITHMS — N x 1

e Centralized: solve concave problem ¢(A) and calculate
x* € —(Ao + D(A*)A)T (B + b D)) + N (Ao + D(A*) Ay)

where z* is an NE of G,,, and N (Z) represents the nullspace of Z.

e Distributed:

Algorithm 1 Distributed Jacobi scheme (A} = 0 Vi € Q)

1: Initialize (z7);. Determine A\ Vi. Set k < 0.
2: while ||z — 2" 7| > eouter do

3: Setk + k + 1.
Calculate by; = boi + >

AV x;, Vi //Mix strategies

4: i
: f , Q d 7 A | | | | | |
> terzeLdo . . ‘ I 6 8 10 12 14 16 18
6: Set A, = A", A\ = 207" + 1, and T; = Zi( i, bgi)- Iteration number
7: while h;(z;) > 0 do //Find bisection limits
8: Update A = Xi,' Xz — 2).. Solvex; = z; (XZ, bgz)
7’ 7’ BASIC REFERENCES
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