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Problem statement

Definitions

Random vector U Random vector V

Statistical mean µU ≜ E [ul] µV ≜ E [vl]

Sample mean µ̂U ≜
1

L

L∑
l=1

ul µ̂V ≜
1

L

L∑
l=1

vl

Statistical covariance matrix CUV ≜ E
[
ulv

T
l

]
− µUµ

T
V

Sample covariance matrix ĈUV ≜
1

L− 1

L∑
l=1

(ul − µ̂U ) (vl − µ̂V )
T

Average conditional
cross-covariance matrix

CUV |Z ≜ EZ

[
CU,V |Z=z

]
=

∫
RNz

CUV |Z=zdFZ(z)
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Problem statement

Problem under study

Sources

Samples

Hypotheses

Hypothesis test

H0 : CXY |Z = 0

H1 : CXY |Z ̸= 0

}
(1)
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Tests for correlation

Unconditioned test

H0 : CXY = 0
H1 : CXY ̸= 0

}
−→ maxCWW

f(W|CWW )

maxCXX
f(X|CXX)maxCY Y

f(Y|CY Y )

H1

≷
H0

λ, W ≜

[
X
Y

]
(2)

Test for jointly Gaussian sources → Hadamard Ratio Test (HRT)

THAD (X,Y) ≜
det[ĈWW ]

det[ĈXX ] det[ĈY Y ]
∈ [0, 1] , THAD ↑⇒ H0 (3)

Small correlation regime → 1st Order Taylor approximation

TFRO (X,Y) ≜ ∥Ĉ∥2F ≥ 0, TFRO ↓⇒ H0 (4)

Ĉ ≜ Ĉ
−1/2
XX ĈXY Ĉ

−1/2
Y Y (sample coherence matrix)
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−1/2
XX ĈXY Ĉ
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Tests for correlation

RV Coefficient

TRV(X,Y) ≜
∥ĈXY ∥2F

∥ĈXX∥F ∥ĈY Y ∥F
(5)

Conditional RV Coefficient

TRV(X,Y|Z) ≜
∥ĈXY |Z∥2F

∥ĈXX|Z∥F ∥ĈY Y |Z∥F
(6)

Jointly Gaussian sources

ĈUV |Z ≜ ĈUV − ĈUZĈ
−1
ZZĈZV (7)

(Schur complement)
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∥ĈXY ∥2F
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−1
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∥ĈXX∥F ∥ĈY Y ∥F
(5)

Conditional RV Coefficient

TRV(X,Y|Z) ≜
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U-Statistics test for conditional correlation

Covariance estimation using U-Statistics
U-Covariance Matrix

ĈUV =
2

L(L− 1)

L−1∑
i=1

L∑
j=i+1

ůi,jv̊
T
i,j , ůi,j ≜

ui − uj√
2

, v̊i,j ≜
vi − vj√

2
(8)

Incomplete U-Covariance Matrix

Ĉ′
UV =

1

⌊L/2⌋

⌊L/2⌋∑
i=1

ůi,i+⌊L/2⌋v̊
T
i,i+⌊L/2⌋ (9)

Unused pairs: ∆L =
L(L− 1)

2
−

⌊
L

2

⌋
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U-Statistics test for conditional correlation

Weighted U-Statistics

CUV |Z =

∫
RNz

CŮ V̊ |Z=zdFZ(z)

=

∫∫
RNz×Nz

CŮ V̊ |Z̊(Z1,Z2)=0dFZ1,Z2(z1, z2)

=

∫∫
RNz×Nz

CŮ V̊ |Z̊=0dFZ1,Z2(z1, z2)

Fact1

CUV ≡ CŮ V̊

CUV |Z = CŮ V̊ |Z̊=0 (10)

1A. J. Lee, U-Statistics: Theory and Practice, Routledge, 2019
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CŮ V̊ |Z̊=0dFZ1,Z2(z1, z2)

Fact1

CUV ≡ CŮ V̊
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CŮ V̊ |Z̊=0dFZ1,Z2(z1, z2)

Fact1

CUV ≡ CŮ V̊
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CUV |Z = CŮ V̊ |Z̊=0 (10)

1A. J. Lee, U-Statistics: Theory and Practice, Routledge, 2019
TSC-UPC A test for conditional correlation between random vectors based on weighted U-Statistics ICASSP 2022 12/22



U-Statistics test for conditional correlation

Relaxation

Pr{Z̊ = 0} = 0

−→ 0 ≤ ∥Z̊∥ ≤ ϵ

Indicator function

Iϵ (λ) ≜

{
1, 0 ≤ λ ≤ ϵ
0, otherwise

(11)

Conditional covariance matrix estimator

C̆UV |Z ≜

∑L−1
i=1

∑L
j=i+1 ůi,jv̊

T
i,jIϵ(∥zi − zj∥)∑L−1

i=1

∑L
j=i+1 Iϵ(∥zi − zj∥)

(12)

Conditional RV Coefficient

T̆RV(X,Y|Z) =
∥C̆XY |Z∥2F

∥C̆XX|Z∥F ∥C̆Y Y |Z∥F
(13)
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U-Statistics test for conditional correlation

Order statistics

L−1∑
i=1

L∑
j=i+1

Iϵ(∥zi − zj∥) ≜ Lp ∈
[
1,

L(L− 1)

2

]
(14)

Selection of pairs from sorting

∥̊z1,2∥
∥̊z1,3∥

...
∥̊z1,L∥
∥̊z2,3∥

...
∥̊zL−1,L∥



sort−−→ z̊sort ≜



∥̊zi(1),j(1)∥ (min)
...

∥̊zi(l),j(l)∥
...

∥̊zi(Lp),j(Lp)∥
...


q(l)−−→



(i(1), j(1))
...

(i(l), j(l))
...

(i(Lp), j(Lp))



(15)
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(i(1), j(1))
...

(i(l), j(l))
...

(i(Lp), j(Lp))



(15)
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U-Statistics test for conditional correlation

C̆UV |Z =
1

2Lp

Lp∑
l=1

(ui(l) − uj(l))(vi(l) − vj(l))
T (16)

Efficient computation

Ů ≜
[[
ui(1) − uj(1)

]
, . . . ,

[
ui(Lp) − uj(Lp)

]]
−→ KU ≜ ŮT Ů

T̆RV(X,Y|Z) = Tr[X̊T X̊Y̊T Y̊]√
Tr[X̊T X̊X̊T X̊] Tr[Y̊T Y̊Y̊T Y̊]

=
∥KXKY∥2F√
∥K2

X∥2F ∥K2
Y∥2F

(17)
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Numerical results
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Numerical results

Test setting

Techniques:
Weighted U-Statistics Method
(WUSM)
Schur Complement Method (SCM)

Confounder dimensions (Nz):
1
3
100

Power: E
[
X2

]
= E

[
Y 2

]
= E

[
Z2
n

]
= 1

RV Coefficient (TRV):
TRV (X,Y ) > 0.2
TRV (X,Y |Z) ≈ 0

Mean: E [X] = E [Y ] = E [Zn] = 0

Data models:
Jointly Normal
Gaussian Copula

Nº of samples (L):
50
5000

Nº of tests (M ): 500
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Numerical results

Estimation
Mean Squared Error

MSE(T̆RV) ≜ var(T̆RV) + bias2(T̆RV)

100 101 102 103

10-3
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10-1

(a) Gaussian, L = 50

100 101 102 103

(b) Copula, L = 50

100 102 104 106
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(c) Gaussian, L = 5000

100 102 104 106

(d) Copula, L = 5000
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Numerical results

Detection
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Future research
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Future research

Potential lines of research

Design aspects

Alternative criteria for sorting (different norms).
Soft indicator functions and data-driven weighting.

Applications

Integration of information theoretic methods2: correlation −→ dependence.

2J. Riba and F. de Cabrera, “Regularized Estimation of Information via High Dimensional Canonical
Correlation Analysis,” 2020, arXiv:2005.02977 [cs.IT]
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Thanks for your attention!
Main contributions of the article

Development of a test for conditional correlation
based on weighted U-Statistics that:

Is data-driven instead of model-driven.
Does not involve matrix inverses nor
determinants.
Is robust to small-sample/high-dimensional
regimes.
Presents similar capabilities along a wide range
of configurations, allowing for a good trade-off
between complexity and performance.
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