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Rate Distortion

R(d) := min
p(x),p(x|y):E[ρ(x,y)]≤d

I(x; y). (1)

p∗RD(x|y) := arg min
{p(x|y):y,x ∼p(y)p(x|y),E[ρ(x,y)]≤d}

I(x; y),

(2)
inducing the following distribution

p∗RD(x) =
∫
p(y)p∗RD(x|y)dy. (3)

p∗RD(x|y) is characterized by [1, chapter 10, pp.
330], that is

p∗RD(x|y) = 1
Zβ(y)

p∗RD(x) exp[−βρ(y,x)], (4)

and
Zβ,RD(y) :=

∫
p∗RD(x) exp[−βρ(x,y)]dx. (5)

EBM

•Definition:

pφ(x) := exp[−Eφ(x)]
Zφ

, (6)

where Zφ := ∫
Eφ(x)dx is the partition function.

•Training objective:
LML(φ) := Ex∼p(x)[− log pφ(x)], (7)

where p(x) represents the underlying data
distribution.
•Generating samples with the Langevin dynamics
(LD) [2]
xi := xi−1−λ∇xi−1Eφ(xi−1)+

√
2λzi, zi ∼ N (0, I),

(8)

Notations

LMI(D) := Ex,y∼p(x,y)[D(x,y)]− Ex,y∼p(x)p(y)[exp(D (x,y)− 1)],
(9)

L′RD[p(x), p(x|y), D] := LMI(D) + βE[ρ(x,y)]. (10)

MAIN RESULTS

•Representing p∗RD(x) and p∗RD(x|y) using one EBM;
•Learning a single EBM φ that represents both p∗RD(x) and p∗RD(x|y) with the EBMs-Blahut-Arimoto
(EBA) algorithm.

Methods

Algorithm 1 EBA
1: procedure EBA(p(y), β, ρ(·))
2: t← 0 and initialize ωt, φt arbitrarily
3: while not converged do
4: for y ∼ p(y) do
5: sample x ∼ pφt(x|y), x′ ∼ pφt(x) via LD
6: feed y,x,x′ to ωt and approximate Rt(d)
7: update ωt by stochastic gradient ascent of LMI

8: update φt by stochastic gradient descent of L′RD
9: end for
10: t← t + 1
11: end while
12: return ωt, φt and Rt(d)
13: end procedure

Main Theorem

The following properties hold for Algorithm 1:
1 Convergence: Algorithm 1 converges, meaning
that LRD(φt) ≥ LRD(φt+1).

2 Asymptotic rate-distortion approaching
posterior: If φ has enough capacity to fully
represent any probability distribution, then
Algorithm 1 learns the rate-distortion
approaching posterior asymptotically, i.e.,
(pθt(x), pθt(x|y))→ (p∗RD(x), p∗RD(x|y)) when
t→∞.

Experiment Results
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(a) BSS with L1 distortion;
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(b) Gaussian with L2 distortion;
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(c) Laplacian with L1 distortion;
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(d) BSMS with L1 distortion;
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(e) BAMS with L1 distortion;
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(f) Laplacian with L2 distortion.
Figure 1: Estimations of rate distortion functions via RD-EBM.

Conclusion

•We demonstrate that EBMs can be used to
approximate the rate-distortion approaching
posterior, as in the Blahut-Arimoto (BA)
algorithm.
•Our empirical results show that our estimates
match closed-form expressions and known
bounds.
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