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Motivation

» Consider the matrix-vector multiplication
Tx

)

where T € RY*% x € R*and we assume N = log,(K).
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Motivation

» Consider the matrix-vector multiplication
Tx

where T € RY*% x € R*and we assume N = log,(K).

» Ubiquitous usage in signal processing and machine learning, e.g. weights in
connections between layers of neural networks.

» Efficient computation of matrix-vector multiplications of high relevance.

)
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Approach

» Approximation of target matrix T by factorizing into product

T~T=cO W
1=1
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Approach

» Approximation of target matrix T by factorizing into product

T~T=cO W
1=1

» C s the initial codebook matrix.
» W) is the wiring matrix in i-th layer.
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Approach

» Approximation of target matrix T by factorizing into product
T~T=cO W
1=1
» C s the initial codebook matrix.

» W) is the wiring matrix in i-th layer.
» All wiring matrices W), i € {1,..., L} have s-sparse columns.
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Approach

» Approximation of target matrix T by factorizing into product

TTCHW

» C is the initial codebook matrix.

» WU is the wiring matrix in i-th layer.

> All wmng matrices W i € {1,..., L} have s-sparse columns.
> WU ¢ {0, £2°} 5K W|th wiring exponents e €.

A. Karataev - IDC - Storage Constrained Linear Computation Coding February 28, 2023



FRIEDRICH-ALEXANDER

Approach

» Approximation of target matrix T by factorizing into product

TTCHW

» CU s the initial codebook matrix.

» WU is the wiring matrix in i-th layer.

> All wmng matrices W i € {1,..., L} have s-sparse columns.
> WU ¢ {0, £2°} 5K W|th wiring exponents e €.
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Approach

» Approximation of target matrix T by factorizing into product

TTCHW

» C is the initial codebook matrix.

» WU is the wiring matrix in i-th layer.

> All wmng matrices W i € {1,..., L} have s-sparse columns.

> WU ¢ {0, £2°} 5K W|th wiring exponents e €.

» Consider matrix vector product C(*) 12, Wx.

» Entries of wiring matrices are integer powers of 2: multiplications are simple bit shifts.
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Approach

» Approximation of target matrix T by factorizing into product

T~T=cO W
1=1

» C is the initial codebook matrix.

» W) is the wiring matrix in i-th layer.

» All wiring matrices W), i € {1,..., L} have s-sparse columns.

WO € {0, £2°}5%K with wiring exponents e € Z.

Consider matrix vector product C0 i1~ , Wi)x.

Entries of wiring matrices are integer powers of 2: multiplications are simple bit shifts.

>
>
>
» Sparse entries in wiring matrix limit number of required additions.

Ralf R. Muller, Bernhard Gade, and Ali Bereyhi. Efficient Matrix Multiplication: The Sparse Power-of-2 Factorization. 2020
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Contributions

» Introduction of storage constraints: e & I}”, where
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» Introduction of storage constraints: e € I}”, where

> I}i) C Z is the finite set of wiring exponents in layer <.
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Contributions

» Introduction of storage constraints: e & I}i), where
> I}i) C Z is the finite set of wiring exponents in layer <.

» Formulation of an optimization problem constraining the cardinality \I](f)\.

A. Karataev - IDC - Storage Constrained Linear Computation Coding February 28, 2023



FRIEDRICH-ALEXANDER
UNIVERSITAT _
& === ERLANGEN-NURNBERG

Contributions

» Introduction of storage constraints: e & I}i), where
> I}i) C Z is the finite set of wiring exponents in layer <.
» Formulation of an optimization problem constraining the cardinality \I](f)\.

» Proposal of sub-optimum search of Ij(f) with reduced computational complexity.
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Optimization

» Batch of i.i.d. randomly generated target matrices {T,},c(1.. p)-

A. Karataev - IDC - Storage Constrained Linear Computation Coding February 28, 2023



FRIEDRICH-ALEXANDER

Optimization

» Batch of i.i.d. randomly generated target matrices {T,},c(1.. p)-

» Optimization, enforcing constraint on cardinality |I}i)|

1 R .
minimize ER)=—= > ||T, - T,%
AN AL :

~ L ,
subject to T, = Cﬁo) I1 Wq(f) : (1)
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Data-Driven Approach

cy 5:(1) —>]
— 0)xxr (1
T, —»quant() 7| Wiring Wi ;(1)) Vlill-n-lte Cg )Wg) Wiring W?)
) —> iring > X
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cl 5 K
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> Distribution Algorithm | T2 —>Algorithm . | Distribution
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Computational Complexity of Data-Driven Search

» Let Z, := {e € Z|p(e) > 0} be support of wiring exponents from unconstrained
wiring algorithm.
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Computational Complexity of Data-Driven Search

» Let Z, := {e € Z|p(e) > 0} be support of wiring exponents from unconstrained
wiring algorithm.

» Full search based on exact evaluation of error @ (LR(%')K%).
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Computational Complexity of Data-Driven Search

» Let Z, := {e € Z|p(e) > 0} be support of wiring exponents from unconstrained
wiring algorithm.
> Full search based on exact evaluation of error O (LR("%!) K?s).

> Cubic complexity in &~ and number of possible subsets (') prohibitive.
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Computational Complexity of Data-Driven Search

» Let Z, := {e € Z|p(e) > 0} be support of wiring exponents from unconstrained
wiring algorithm.

» Full search based on exact evaluation of error @ (LR('@S')K%).

> Cubic complexity in &~ and number of possible subsets (') prohibitive.

» Surrogate Objective

I}i) — argmax Y. ReLU [maxp?(e) <22€ — (2% — 26)2)
1) cz.|1}|=d ecZ!’ reZ))

Approximate error reduction using
wiring exponent z if wiring exponent e occured

» Reduced Complexity O | LR|Z,|dKs + RLK®s

Unconstrained wiring

Greedy optimization of
surrogate objective
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Simulation Settings

» i.i.d. zero mean Gaussian distributed target matrices T € R**** with variance ;.

A. Karataev - IDC - Storage Constrained Linear Computation Coding February 28, 2023



FRIEDRICH-ALEXANDER
UNIVERSITAT _
ERLANGEN-NURNBERG

TECHNISCHE FAKULTAT

Simulation Settings

» i.i.d. zero mean Gaussian distributed target matrices T € R**** with variance ;.
» Sample size R = 1000 matrices.
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Simulation Settings

» i.i.d. zero mean Gaussian distributed target matrices T € R**** with variance ;.
» Sample size R = 1000 matrices.
» Sparsity s = 3.
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Simulation Settings

» i.i.d. zero mean Gaussian distributed target matrices T € R**** with variance ;.
» Sample size R = 1000 matrices.

» Sparsity s = 3.

» Cardinality of finite wiring exponent sets d = 4.
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Results

— Unconstrained
—10 | — Surrogate Greedy Search
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Thank you for your attention!

A. Karataev -

IDC -
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Codebook Matrix

» Codebook matrix in layer [
c.— cO 1wt = ct-Hw® (2)

» Choice of initial codebook as C\”) = ¢(T), with the quantization operator ¢(-) such
that
q(Ti;) = argmin |T;; — x|,

T E€Bini
with B = {0, £2°}, e € iy € Z and Zyyy, finite.
» Defining L as the number of wiring layers,
T~T=cCcWD.

» According to (2), combination of column vectors of codebook matrix of preceding
layer CU~Y by wiring matrix W) for approximation of columns of T.
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General Optimization Problem

» Choice of wiring matrices {W®},.(,  , according to

. L . .
{Wm}ie{le} — arg min | T — c ‘1:[1 W(Z)Hp. (3)

.....

Integer programming in LK? parameters and hence infeasible for large dimensions.
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Split Optimization Problem

» Split optimization of the set of matrices {W@},.; 1\ into subsequent optimization

of columns w'” of individual matrices W
w§j) = arg min It — CUDw]],.

we{0,£24}K, eeZl!, [|wl|o=s

Optimization of Update of
Wiring Matrix w) Codebook C(i-1)
A A
- N N

wi 5w S wl) S el = cli-hw

1+—1+1

» Integer programming in K unknowns, limited feasibility.
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Greedy Search

» Improvement of feasibility by greedy search of the components of w,(f)

Initialization
Pre-Update Error epe <ty

Wiring Column WE?(—O

!

Best Scaled Codebook Column Search | Repeat for sparsity s times
a*,j arg min ||ac§l_1)—epre\|2
ac{0,+£2€}, eezj(f), je{l,...K}
l epre — epost

Error and Wiring Vector Update
(i-1)

. . j
w,(;) <—W§;)—|—a*1j

*
epost eepre —a C
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Example of Greedy Search

Numerical Example
Initialization
Initial Codebook C(©)=q(T)

T—[tn & &)= |0760 0259 —0.500
0.650 0.966 0.866

ltilla =1

Repeat for all columns k € {1,...,K}

/ Initialization \

Pre-Update Error e <t

- o Repeat for all
Wiring Column w;,’ <0 wiring layers

¢ ie{1,...,.L}
Best Scaled Codebook Column Search Repeat fqr

a*,j* arg m,in |‘ac§271)_epre| B sparsity s times

ac{0,+2€}, eeI](f), je{1,..,.K}

v €pre < €post

Error and Wiring Vector Update
(i-1)
J

\ w,(:)<—w§:)+a*1j

v

Codebook Matrix Update
C) )W)

€post < €pre—a’C

%
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Example of Greedy Search

Numerical Example
Initialization
Initial Codebook C(©)=q(T)

T—[tn & b= |0760 0259 —0500] .,
0.650 0.966 0.866

©) © O O 20 27 -2
CcO = o(T) = [01 ¥ ¢ ] - [ ]
Repeat for all columns k € {1,...,K}

2- 1 2 0 2 0
/ Initialization \

Pre-Update Error e <t

- o Repeat for all
Wiring Column w;,’ <0 wiring layers

¢ ie{1,...,.L}
Best Scaled Codebook Column Search Repea,t fqr

a*,j* arg m,in |‘ac§271)_epre| B sparsity s times

ac{0,+2€}, eeI](f), je{1,..,.K}

v €pre < €post

Error and Wiring Vector Update
(i-1)

J

\ w,(ci)<—w§:)+a*1j

v

Codebook Matrix Update
C) )W)

€post < €pre—a’C

%
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Example of Greedy Search

Numerical Example
Initialization
Initial Codebook C(©)=q(T)

T—[tn & b= |0760 0259 —0500] .,
0.650 0.966 0.866

20 2—2 72—1
C(O) = Q(T) = [c(o) C(ZO) cgo)] = [ ]

Repeat for all columns k € {1,...,K} 27t 20 20

/ Initialization \

Pre-Update Error ety

- o Repeat for all
Wiring Column w;,’ <0 wiring layers

0 ?
. =10 7 ?
v iefr,..Ly |W o 0

Best Scaled Codebook Column Search Repea,t fqr
a*,j* arg m,in |‘ac§271)_epre| B sparsity s times
ac{0,+2€}, eeI](f), je{1,..,.K}

v €pre < €post

Error and Wiring Vector Update
(i-1)

J

\ w,(ci)<—w§:)+a*1j

v

Codebook Matrix Update
C) )W)

€post < €pre—a’C

©
C3 Co

%

Cq
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Example of Greedy Search

Initialization
Initial Codebook C(©)=q(T)

Repeat for all columns k € {1,...,K}

Initialization
Pre-Update Error e <t

Wiring Column w0

¥

Best Scaled Codebook Column Search
a*,j* arg min | |ac;271)—epre||2
ac{0,+2¢3, eEIJSZ), jefl, K}

A 4

Error and Wiring Vector Update
€post <—epre—a*c(l71)

(1) !
? *
) ta’l;

<

~

Repeat for
sparsity s times

€pre < €post

%

v

Codebook Matrix Update
C) )W)

Repeat for all
wiring layers
ie{1,...,.L}

Numerical Example

T—[tn & b= |0760 0259
0.650 0.966

—0.500
0.866

20 2—2 72—1
0) _ _ 0 0 0| —
¥ —am= [ o ][ % |

? Finite set of
wiring exponents

I)={0,-1,...,~10}

0
90 go) 20%)

] tille = 1

A. Karataev
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Example of Greedy Search

Initialization
Initial Codebook C(©)=q(T)

Repeat for all columns k € {1,...,K}

Initialization
Pre-Update Error e <t

Wiring Column w0

¥

<

~

Best Scaled Codebook Column Search
a*,j" arg min
ac{0,+2€}, eeI](f), je{1,..,.K}

llacy ™ —eprell2

Repeat for
sparsity s times

A 4

€pre < €post

Error and Wiring Vector Update
¥ (i1
€post < €pre—a ety

J
w?(—w,(vl)-i—a*lj

%

v

Codebook Matrix Update
C) )W)

Repeat for all
wiring layers

ie{1,...,.L}

Numerical Example

—0.500

T—[tr b b= [0.760 0.259 050

sl[till2 =1
0.650 0.966

2—2 72—1
»

20
CO =g = [ o o] = [ g

2—1

20 7 7 Finite set of
(1) 0 ? 2 wiring exponents
W= 0 7 2 I)={0,-1,...,~10}
0.240
e;)«m <
0.150
el
epu\'t
e
20\

1
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Example of Greedy Search

Numerical Example
Initialization
Initial Codebook C(©)=q(T)

T—[tr b b= [0.760 0.259 —0.500

sl[till2 =1
0.650 0.966 0.866

©) © O O 20 27 -2
CcO = o(T) = [01 ¥ ¢ ] - [ ]
Repeat for all columns k € {1,...,K}

2- 1 2 0 2 0
/ Initialization \

Pre-Update Error e <t

. @) Repeat for all 20 92 9 Finite set of
Wiring Column w;,’ <0 wiring layers — 0 7 2 (\g‘)/'lrlng exponents
) = ! ! i
7 ie{l,...,L} o 7 2 I)={0,-1,...,~10}
Best Scaled Codebook Column Search Repeat for

. . i1 ; ;
0¥ j* argmin ||ac; )_epte||2 sparsity s times
ac{0,£2¢}, eEIJSZ), jefl, K}

v €pre < €post

Error and Wiring Vector Update
(i-1)

J

\ w,(ci)<—w§:)+a*1j

v

Codebook Matrix Update
C) )W)

€post < €pre—a’C

©
C3 Co

%
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Example of Greedy Search

Initialization
Initial Codebook C(©)=q(T)

Repeat for all columns k € {1,...,K}

Initialization
Pre-Update Error e <t

Wiring Column w0

¥

Best Scaled Codebook Column Search
. o . i—1
a*,j* argmin Hac;Z )—epreHg
ac{0,+2€}, eeI](f), je{1,..,.K}

A 4

<

~

Repeat for
sparsity s times

€pre < €post

Error and Wiring Vector Update
¥ (i1
€post < €pre—a ety

J
w?(—w,(vl)-i—a*lj

%

v

Codebook Matrix Update
C) )W)

Repeat for all
wiring layers
ie{1,...,.L}

T—[tr b b= [0.760 0.259

Numerical Example

—0.500

sl[till2 =1
0.866

0.650 0.966

20 2—2 72—1
0) _ _ [0 0 0] _
cO—am=[ef o ]=[7 Y 5]
Finite set of
20 7 7 wiring exponents
wh=]0 ? ? ;rf('):{o,—l,...,—lo}
2-2 2 7
0.115
ep()ﬂt
—0.100
cgo) c(20)
—2_(0)
epus‘lz C3
c©

Storage Constrained Linear Computation Coding

February 28, 2023
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Example of Greedy Search

Initial Codebook C(©)=q(T)

Initialization

Repeat for all columns k € {1,..., K}

Pre-Update Error epe <ty

Initialization

Wiring Column w0

¥

Best Scaled Codebook Column Search

a*,j"

. (i-1)
argmin Hacj —€prel|2

ac{0,+2€}, eEI}Z), je{1,..,.K}

A 4

Error and Wiring Vector Update

(i-1)
w,(;)<—w,(;)+a* 1

€post < €pre—a"C

DR

Repeat for
sparsity s times

€pre < €post

/

v

Codebook Matrix Update

C) )W)

Repeat for all
wiring layers
ie{1,...,.L}

20
C(O) = Q(T) = [c(o) cg’) cgo)] = [

wh= |0 20 273

Numerical Example

T—[tn & &)= |0760 0259 —0.500
0.650 0.966 0.866

2—1

2—2 _275 20

Finite set of
wiring exponents

I)={0,-1,...,~10}

] tille = 1
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Example of Greedy Search

Initialization
Initial Codebook C(©)=q(T)

Repeat for all columns k € {1,...,K}

Initialization
Pre-Update Error e <t

Wiring Column w0

¥

Best Scaled Codebook Column Search
. o . i—1
a*,j* argmin HacjZ )—epreHg
ac{0,+2€}, eeI](f), je{1,..,.K}

A 4

Error and Wiring Vector Update
(i-1)
J

w,(ci)<—w§:)+a*1j

€post < €pre—a’C

<

~

Repeat for
sparsity s times

€pre < €post

%

v

Codebook Matrix Update
C ) l-1)W)

Repeat for all
wiring layers
ie{1,...,.L}

Numerical Example

T—[tn & b= |0760 0259
0.650 0.966

—0.500
0.866

20 2—2 72—1
0) _ _ 0 0 0| —
¥ —am= [ o ][ % |

[|IC© — T||p =0.315

20 0 0 Finite set of .
B wiring exponents
W= o 2 2R 0 10}
272 275 20 remem
oW _ 0.875 0.266 —0.531
~ 10.750 0.969 0.875

[|[cW — T||p = 0.156

] tille = 1

A. Karataev
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Example of Greedy Search

Initialization
Initial Codebook C(©)=q(T)

Repeat for all columns k € {1,...,K}

Initialization
Pre-Update Error e <t

Wiring Column w0

¥

<

~

Best Scaled Codebook Column Search
a*,j" arg min
ac{0,+2€}, eeI](f), je{1,..,.K}

llacy ™ —eprell2

Repeat for
sparsity s times

A 4

€pre < €post

Error and Wiring Vector Update
(i-1)
J

w,(ci)<—w,(:)+a* 1

€post < €pre—a’C

%

IDC

v

Codebook Matrix Update
C) )W)

Repeat for all
wiring layers

i{l,....L}

Numerical Example

—0.500
7||ti||2 =1
0.866

91
» |

T—[tn & b= |0760 0259
0.650 0.966

2—2

C(O) = Q(T) = [c 90

20
0| —
C(3 ):| - |:2—1

[|IC© — T||p =0.315

20 0 0 Finite set of .
B wiring exponents
W= o 2 2R 0 10}
272 275 20 remem
oW _ 0.875 0.266 —0.531
~ 10.750 0.969 0.875

[|[cW — T||p = 0.156

20 _277 276
W@ = |23 20 ¢
0 0 20
c® _ 0.842 0.259 —0.518
~ 0.629 0.963 0.887

[|C® — T||r = 0.089
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