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Bayesian Tensor Tucker Completion
With A Flexible Core
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Abstract—Tensor completion is a vital task in multi-
dimensional signal processing and machine learning. To recover
the missing data in a tensor, various low-rank structures of
a tensor can be assumed, and Tucker format is a popular
choice. However, the promising capability of Tucker completion is
realized only when we can determine a suitable multilinear rank,
which controls the model complexity and thus is essential to avoid
overfitting/underfitting. Rather than exhaustively searching the
best multilinear rank, which is computationally inefficient, recent
advances have proposed a Bayesian way to learn the multilinear
rank from training data automatically. However, in prior arts,
only a single parameter is dedicated to learn the variance of the
core tensor elements. This rigid assumption restricts the modeling
capabilities of existing methods in real-world data, where the
core tensor elements may have a wide range of variances. To
have a flexible core tensor while still retaining succinct Bayesian
modeling, we first bridge the tensor Tucker decomposition to the
canonical polyadic decomposition (CPD) with low-rank factor
matrices, and then propose a novel Bayesian modeling based
on the Gaussian-inverse Wishart prior. Inference algorithm is
further derived under the variational inference framework.
Extensive numerical studies on synthetic data and real-world
datasets demonstrate the significantly improved performance of
the proposed algorithm in terms of multilinear rank learning and
missing data recovery.

Index Terms—tensor decomposition, Bayesian Tucker model,
multilinear rank estimation, Gaussian-Wishart priors

I. INTRODUCTION

Tensor completion is widely used in high-dimensional data
analytics as it could predict the missing values by using the
hidden multilinear latent structures of the data. It found exten-
sive applications in image processing [1]–[4], data mining [5],
[6], machine learning [7], [8], and computer vision [9]–[11]. In
particular, the commonly used underlying models are Canon-
ical Polyadic decomposition (CPD) [12], [13], Tucker [14],
and tensor train/ring [15], [16]. Among these models, Tucker
decomposition is considered to be more general than CPD
since it represents a tensor as a core tensor multiplied with
factor matrices along different modes. CPD is a special case
of Tucker decomposition when the core tensor is constrained to
have a super-diagonal structure [17]. On the other hand, due
to their more complicated structures, tensor train/ring [18]–
[20] and nonlinear tensor models [21], [22] provide even more
flexibility in data modeling. However, the learned results are
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oftentimes more difficult to interpret compared to Tucker or
CPD.

Like any tensor decomposition, the most challenging prob-
lem in fitting data to the Tucker format is determining the
multilinear rank [23], [24]. If the multilinear rank is known,
various optimization techniques have been proposed [17], [25],
[26] to solve the Tucker decomposition or completion problem.
However, for real-world data, the multilinear rank of the
Tucker decomposition is usually unknown. To fill this gap,
Bayesian modelings of Tucker decomposition and completion
have also been proposed in [27] [28] so that the multilinear
rank is learned automatically together with the core tensor and
the factor matrices. Unfortunately, in these two prior works
[27] [28], only a single parameter is dedicated to the estimation
of variance for the tensor core elements. This makes them
restrictive in modeling real-world data, where the core tensor
elements may possess diverse variances.

To introduce a more flexible core in the Bayesian Tucker
model, this paper reveals an equivalent form of Tucker de-
composition as a CPD with factor matrices having a large
number of columns but being in a low-rank structure. With this
newly found relationship, the Bayesian modeling deviates from
the traditional sparsity inducing prior [27] [28] and becomes
low-rank matrix modeling, in which Gaussian-inverse Wishart
prior model is found suitable. For model learning, variational
inference method is employed to derive an iterative update
algorithm with each step having a closed-form expression.
After inference, the multilinear rank of Tucker decomposition
is revealed by performing singular value decomposition (SVD)
on the learned factor matrices. The core tensor and factor
matrices of Tucker decomposition can then be recovered
accordingly. Simulation results on synthetic and real-world
data demonstrate that the proposed equivlent Tucker model
provides more accurate multilinear rank estimation and smaller
tensor data recovery error compared to existing Bayesian and
non-Bayesian Tucker completion methods.

The remainder of the paper is organized as follows. In Sec-
tion II, a brief review on Tucker decomposition and existing
Bayesian modeling are given. In Section III, an equivalent
Tucker format and its Bayesian modeling are presented. In
Section IV, an inference algorithm for the proposed model is
derived under the variational inference framework. Simulation
results and discussions are presented in Section V, and finally
conclusions are drawn in Section VI.

Notation: Boldface lowercase and uppercase letters will be
used for vectors and matrices, respectively. Tensors are written
as calligraphic letters. E [·] denotes the expectation of its ar-
gument. Superscript T denotes transpose. The operator Tr(A)
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denotes the trace of a matrix A. The symbol ∝ represents a
linear scalar relationship between two real-valued functions.
The operator ⊗ is the Kronecker product, � is the Khatri–Rao
product, ◦ is the outer product, and ∗ is the Hadamard product.
The N × N diagonal matrix with diagonal components a1

through aN is represented as Diag {a1, a2, ..., aN}, while
diag(A) takes the diagonal elements of A and put it as a
vector. IM represents the M×M identity matrix. The (i, j)th

element, the ith row and the jth column of a matrix A are
represented by Ai,j , Ai,: and A:,j , respectively. The (i, j, n)th

element, the nth matrix atom of a third-order tensor Y are
represented by Yi,j,n and Y:,:,n, respectively.

II. TUCKER DEOMPOSITION AND PREVIOUS BAYESIAN
MODELING

For a third-order tensor X ∈ RI1×I2×I3 with its (i1, i2, i3)th

entry denoted by Xi1,i2,i3 , the Tucker decomposition is defined
as [17]

X = G ×1 A
(1) ×2 A

(2) ×3 A
(3)

, [[G;A(1),A(2),A(3)]], (1)

where A(1) ∈ RI1×R1 , A(2) ∈ RI2×R2 and A(3) ∈ RI3×R3

are the mode-1, mode-2 and mode-3 factor matrices, respec-
tively; G ∈ RR1×R2×R3 is the core tensor; ×k denotes the
tensor–matrix product along the k-mode [17]. The second
line of (1) is a commonly used shorthand notation for Tucker
decomposition.

The size of the Tucker core (R1, R2, R3) denotes the
dimension of the associated latent spaces. The (R1, R2, R3)
that leads to the minimum of

∑3
k=1Rk while making (1) hold

are called the multilinear rank of tensor X . On the other hand,
the unfolding operation connects tensor decompositions to
matrix operations. For example, if tensor X in (1) is unfolded
along the first mode, the resulting matrix is

X(1) = A(1)G(1)(A
(3) ⊗A(2))T ∈ RI1×I2I3 , (2)

where G(1) is the mode-1 unfolded matrix of the core tensor
G. Similar expressions can be obtained if X is unfolded along
the second or third mode [17].

To automatically learn the multilinear rank from ten-
sor data in a single run, pioneering work [27] proposed
Bayesian Tucker decomposition modeling (abbreviated as
BTD) that imposes sparsity-enhanching priors on the factor
matrices {A(k)}3k=1. More specifically, BTD specifies that
A(k) ∼ ∏Ik

ik=1N (A
(k)
ik,:
|0, (Diag(λ(k)))−1), ∀k, with each

element of λ(k) following λ(k)
rk ∼ Gamma(ak, bk), ∀k. This

Gaussian-gamma hierarchical construction induces sparsity in
the columns of {A(k)}3k=1 [29], thus achieving automatic
multilinear rank determination.

Furthermore, to ensure the number of columns of A(1),
A(2), and A(3) match to the dimensions of the core tensor,
the core tensor G is modeled in a vector form vec(G) ∼
N
(

vec(G)|0,
(
βDiag(λ(3))⊗ Diag(λ(2))⊗ Diag(λ(1))

)−1
)

,
in which β ∼ Gamma(a0, b0). Equivalently, the prior
on the (r1, r2, r3)th element of the core tensor G is
N (Gr1r2r3 |0, (βλ(3)

r3 λ
(2)
r2 λ

(1)
r1 )−1). Although this model allows

some flexibility for the variances in the core tensor, {λ(k)}3k=1

are mainly determined by the precisions of the rows of
{A(k)}3k=1, and therefore they offer limited capability in mod-
eling the variation of the core elements. Effectively, this model
only uses a single scale parameter β to adjust the variance
of the core tensor elements. This obviously is not flexible
enough to model all possible core tensors, and weakens the
representation ability in practical applications. Together with
Gaussian likelihood and Gamma prior distribution on the
unknown noise precision, the graphical model of the above
BTD [27] is shown in Figure 1(a).

On the other hand, another Bayesian variant (termed as
ARD-Tucker [28]) models the hyper-parameters λ(k) with
non-informative Jeffreys priors instead of the Gamma priors.
While this prior could also induce sparsity and thus deter-
mine the multilinear rank automatically, the same problem of
inflexible core tensor as in [27] still occurs.

III. BAYEISAN MODEL IN FLEXIBLE CORE TUCKER
COMPLETION

Let YΩ be an incomplete third-order tensor of size I1 ×
I2 × I3, where Ω denotes a set of 3-tuple indices indicating
which element is observed. Equivalently, we can define a
binary tensor O with the same size as Y as an indicator
of observed entries (if Yi1i2i3 is observed Oi1i2i3 = 1
and Oi1i2i3 = 0 otherwise). We assume the complete data,
denoted as Y , is a noisy observation of true tensor X , that is,
Y = X + E , where each element of the noise term follows
i.i.d. Gaussian distribution, i.e., E ∼ ∏i1i2i3

N (0, α−1), and
the tensor X obeys the Tucker decomposition model given
in (1). The Tucker generative model, together with Gaussian
noise assumption, give rise to the observation model

p
(
YΩ|G, {A(k)}3k=1, α

)
=

I1∏
i1=1

I2∏
i2=1

I3∏
i3=1

N
(
Yi1i2i3 |[[G;A(1),A(2),A(3)]]i1i2i3 , α

−1
)Oi1i2i3

, (3)

where α denotes the noise precision.
In order to introduce flexibility to the core tensor in

Bayesian modeling, we represent the core tensor G by a high
rank CPD: G , [[Ξ(1),Ξ(2),Ξ(3)]] =

∑L
l=1 Ξ

(1)
:,l ◦Ξ

(2)
:,l ◦Ξ

(3)
:,l

where Ξ(1) ∈ RR1×L, Ξ(2) ∈ RR2×L, Ξ(3) ∈ RR3×L are the
factor matrices of the CPD. As any arbitrary third-order tensor
could be represented by a CPD of finite rank [30], choosing
L large enough would enable the modeling of any tensor core
G. With the above flexible core structure, the Tucker model in
(3) is then represented as

p
(
YΩ|{Ξ(k),A(k)}3k=1, α

)
=

I1∏
i1=1

I2∏
i2=1

I3∏
i3=1

N
(
Yi1i2i3 |

[[[[Ξ(1),Ξ(2),Ξ(3)]];A(1),A(2),A(3)]]i1i2i3 , α
−1
)Oi1i2i3 . (4)

If we extend the Bayesian modeling in [27] to (4), we
would impose a Gaussian prior on the columns of Ξ(k)

and tie its covariance to diag(λ(k)), which results in the
probabilistic model shown in Figure 1(b). However, this model
is complicated as there are six matrices to be estimated with
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coupling between A(k) and Ξ(k). This makes the inference
very challenging. In the following, we reveal an equivalent
form of (4) that allows a simplier Bayesian modeling and
inference.

Noticing that unfolding G = [[Ξ(1),Ξ(2),Ξ(3)]] along the
first mode gives G(1) = Ξ(1)(Ξ(3)�Ξ(2))T [17] and making
use of (2), we have

[[[[Ξ(1),Ξ(2),Ξ(3)]];A(1),A(2),A(3)]](1)

=A(1)Ξ(1)(Ξ(3) �Ξ(2))T (A(3) ⊗A(2))T

=A(1)Ξ(1)(A(3)Ξ(3) �A(2)Ξ(2))T

=[[A(1)Ξ(1),A(2)Ξ(2),A(3)Ξ(3)]](1), (5)

where the second to the third lines are due to a known property
of Khatri–Rao product [17], [31], [32]. Based on (5), it is
clear that tensor [[[[Ξ(1),Ξ(2),Ξ(3)]];A(1),A(2),A(3)]] equals
[[A(1)Ξ(1),A(2)Ξ(2),A(3)Ξ(3)]], as they have the same size
and their mode-1 unfoldings are the same.

For notational simplicity, if we define B(k) = A(k)Ξ(k) for
k = 1,2,3, (4) can be rewritten as

p
(
YΩ|{B(k)}3k=1, α

)
=

I1∏
i1=1

I2∏
i2=1

I3∏
i3=1

N
(
Yi1i2i3 |[[B(1),B(2),B(3)]]i1i2i3 , α

−1
)Oi1i2i3

. (6)

As B(1), B(2), and B(3) are constructed from multiplication
of two matrices, and R1, R2, and R3 are smaller than I1,
I2, I3 and L, this result reveals that Tucker decomposi-
tion [[G;A(1),A(2),A(3)]] is actually equivalent to a CPD
[[B(1),B(2),B(3)]] if the factor matrices B(1), B(2), B(3)

have a large number of columns while being low-rank.
Before we present the Bayesian modeling for learning B(1),

B(2), B(3) with low-rank structure, let us see how we can re-
cover the Tucker structure if we have B(1), B(2), B(3). Since
B(1), B(2), B(3) are of low-rank, they can be decomposed
using SVD: B(k) = U (k)D(k)V (k)T for k =1,2,3. Then

[[B(1),B(2),B(3)]]

= [[U (1)D(1)V (1)T ,U (2)D(2)V (2)T ,U (3)D(3)V (3)T ]]

= [[D(1)V (1)T ,D(2)V (2)T ,D(3)V (3)T ]]

×1 U
(1) ×2 U

(2) ×3 U
(3). (7)

From the last line of (7), we obtain that
[[D(1)V (1)T ,D(2)V (2)T ,D(3)V (3)T ]] is the recovered
core tensor, and U (1), U (2) and U (3) are the Tucker factor
matrices. Furthermore, the number of non-zero elements in
D(1), D(2) and D(3) give the estimates of R1, R2 and R3,
respectively.

Eq. (7) in fact provides another view on why the
proposed equivalent Tucker model is more flexible than
BTD. More specifically, for the (r1, r2, r3)th element of
the recovered core tensor in (7), it can be expressed as
D

(1)
r1 D

(2)
r2 D

(3)
r3

∑L
l=1 V

(1)
l,r1
V

(2)
l,r2
V

(3)
l,r3

. This shows that besides
the D(1)

r1 D
(2)
r2 D

(3)
r3 (which has a similar effect to λ(1)

r1 λ
(2)
r2

λ
(3)
r3 in BTD [27]), each element is additionally characterized

by
∑L
l=1 V

(1)
l,r1
V

(2)
l,r2
V

(3)
l,r3

, which provides more learnable pa-
rameters and thus flexibility for adapting to different tensor
cores than using a single parameter β in the BTD.

With the established equivalent model in (6), the next
question is how can we model the prior of B(k) such that
low-rankness information is imposed. Fortunately, Gaussian-
inverse Wishart prior [33] can serve such a purpose. In
particular, we model B(k) ∼ ∏L

l=1N (B
(k)
:,l |0,Σ−1

k ), Σk ∼
Wishart(Σk|vk,Ψk), where vk ∈ R and Ψk ∈ RIk×Ik (being
symmetric and positive definite) are fixed parameters. The
graphical model for the Bayesian Tucker using this low-rank
inducing prior is shown in Figure 1(c).

Notice that all the columns of B(k) are controlled by the
same covariance matrix Σ−1

k because we desire the low-
rankness of the whole matrix B(k). To see why the Gaussian-
inverse Wishart prior described above is a low-rank promoting
prior, we can compute the marginal distribution ofB(k), which
is [33]

p(B(k)) =

∫ L∏
l=1

N (B
(k)
:,l |0,Σ−1

k )Wishart(Σk|vk,Ψk)dΣk

∝ |Ψ−1
k +B(k)B(k)T |−

vk+L

2 . (8)

Then the log-marginal distribution of B(k) becomes

log p(B(k)) ∝ − log |B(k)B(k)T + Ψ−1
k |

∝ − log |I +B(k)TΨkB
(k)|

= −
L∑
l=1

log(λl + 1), (9)

where λl is the lth eigenvalue of the matrix B(k)TΨkB
(k). To

comply with the prior, (9) would be made as large as possible,
which is equivalent to

∑L
l=1 log(λl + 1) as small as possible.

This leads to two consequences. 1) This induces sparsity
in λl [34]–[36], making B(k)TΨkB

(k) low-rank. Since Ψk

is of full rank, the low-rankness of B(k)TΨkB
(k) trans-

lates into the low-rankness of B(k). 2) Tr
(
B(k)TΨkB

(k)
)

is the first-order approximation of log |I + B(k)TΨkB
(k)|,

and minimizing log |I + B(k)TΨkB
(k)| also minimizes

Tr
(
B(k)TΨkB

(k)
)
, which can be interpreted as introducing

manifold smoothness (defined by Ψk) to the rows of B(k)

[37]–[39].
A common choice of Ψk in image or MRI tensor data is

Ψk = F TF [40], where F is the second-order diference
operator with its (i, j)th element given by

Fi,j =

{−2, i = j = 0

1, |i− j| = 1,

0, else
(10)

which basically states that correlations among neighboring
pixels exist. Another chiose of Ψk to promote a smooth
solution is the Laplacian matrix, where the details can be found
in [41], [42]. Obviously, if Ψk ∝ I , then we would have prior
on B(k) induces only low-rankness but not smoothness.

Finally, with the prior of B(k) established, the probabilistic
model is completed by specifying the likelihood function of
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<latexit sha1_base64="ivEsKgaYQxLe+hj82Bsv0k8ZYms=">AAAB/HicbVA7T8MwGHR4lvIKdGSxqJDKUiVQAWMRC2OR6ENqQ+U4TmvVsSPbQYqi8ldYGECIlR/Cxr/BaTNAy0mWT3ffJ5/PjxlV2nG+rZXVtfWNzdJWeXtnd2/fPjjsKJFITNpYMCF7PlKEUU7ammpGerEkKPIZ6fqTm9zvPhKpqOD3Oo2JF6ERpyHFSBtpaFcGvmCBSiNzweuHrHZ+Oh3aVafuzACXiVuQKijQGtpfg0DgJCJcY4aU6rtOrL0MSU0xI9PyIFEkRniCRqRvKEcRUV42Cz+FJ0YJYCikOVzDmfp7I0ORyvOZyQjpsVr0cvE/r5/o8MrLKI8TTTiePxQmDGoB8yZgQCXBmqWGICypyQrxGEmEtemrbEpwF7+8TDpndfei7t41qs1GUUcJHIFjUAMuuARNcAtaoA0wSMEzeAVv1pP1Yr1bH/PRFavYqYA/sD5/ANKzlC8=</latexit>

A(3)
<latexit sha1_base64="/QKLCnx3xWeXIOgiY63156AEa98=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFF7qsYB/YDiWT3mlDM5khyQhl6F+4caGIW//GnX9j2s5CWw8EDufcS849QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLHSYy+iZsSoILf9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofazeeIpObPKgISxsk8aMld/b2Q00noSBXZyllAvezPxP6+bmvDaz7hMUoOSLT4KU0FMTGbnkwFXyIyYWEKZ4jYrYSOqKDO2pJItwVs+eZW0LqreZdW7r1XqtbyOIpzAKZyDB1dQhztoQBMYSHiGV3hztPPivDsfi9GCk+8cwx84nz8GdpBz</latexit>G <latexit sha1_base64="JJMGKjsB+ZSMr9ALiNhdrvW34CY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sFNmHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6rBVTW4v6zULvM4inACp3AOAVxDDe6gDg2g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MHiUOPEA==</latexit>↵

<latexit sha1_base64="Yka6nB2fnyo8+Y9aWNI/23kmyKo=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzUtRlwY3LCvYBnbFkMpk2NJMMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Xgg5nHMP994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w86SqQSkzYWTMhegBRhlJO2ppqRXiIJigNGusH4Ote7D0QqKvidniTEj9GQ04hipA01sI+8QLBQTWLzQY8ZY4jus5p7Nh3YVafuzAouA7cAVVBUa2B/eaHAaUy4xgwp1XedRPsZkppiRqYVL1UkQXiMhqRvIEcxUX42O2EKTw0TwkhI87iGM/a3I0Oxyrc0nTHSI7Wo5eR/Wj/V0ZWfUZ6kmnA8HxSlDGoB8zxgSCXBmk0MQFhSsyvEIyQR1ia1ignBXTx5GXTO6+5F3b1tVJuNIo4yOAYnoAZccAma4Aa0QBtg8AiewSt4s56sF+vd+pi3lqzCcwj+lPX5A6Y7luU=</latexit>

�(1)
<latexit sha1_base64="exUhw6kvm7CL1NbWLPPncDK1oG4=">AAACAnicbVDLSgMxFM34rPU16krcBItQN2WmFHVZcOOygn1AZyyZTKYNzSRDkhHKUNz4K25cKOLWr3Dn35hpZ6GtF0IO59zDvfcECaNKO863tbK6tr6xWdoqb+/s7u3bB4cdJVKJSRsLJmQvQIowyklbU81IL5EExQEj3WB8nevdByIVFfxOTxLix2jIaUQx0oYa2MdeIFioJrH5oMeMMUT3WbV+Ph3YFafmzAouA7cAFVBUa2B/eaHAaUy4xgwp1XedRPsZkppiRqZlL1UkQXiMhqRvIEcxUX42O2EKzwwTwkhI87iGM/a3I0Oxyrc0nTHSI7Wo5eR/Wj/V0ZWfUZ6kmnA8HxSlDGoB8zxgSCXBmk0MQFhSsyvEIyQR1ia1sgnBXTx5GXTqNfei5t42Ks1GEUcJnIBTUAUuuARNcANaoA0weATP4BW8WU/Wi/VufcxbV6zCcwT+lPX5A6fBluY=</latexit>

�(2)
<latexit sha1_base64="rjUj/oTMPOSE97w/LEo3ENE0GR4=">AAACAnicbVDLSgMxFM34rPU16krcBItQN2VGi7osuHFZwT6gM5ZMJtOGZpIhyQhlKG78FTcuFHHrV7jzb8y0s9DWCyGHc+7h3nuChFGlHefbWlpeWV1bL22UN7e2d3btvf22EqnEpIUFE7IbIEUY5aSlqWakm0iC4oCRTjC6zvXOA5GKCn6nxwnxYzTgNKIYaUP17UMvECxU49h80GPGGKL7rHp+OunbFafmTAsuArcAFVBUs29/eaHAaUy4xgwp1XOdRPsZkppiRiZlL1UkQXiEBqRnIEcxUX42PWECTwwTwkhI87iGU/a3I0Oxyrc0nTHSQzWv5eR/Wi/V0ZWfUZ6kmnA8GxSlDGoB8zxgSCXBmo0NQFhSsyvEQyQR1ia1sgnBnT95EbTPau5Fzb2tVxr1Io4SOALHoApccAka4AY0QQtg8AiewSt4s56sF+vd+pi1LlmF5wD8KevzB6lHluc=</latexit>

�(3)
<latexit sha1_base64="wC1h3qVHMiPsIAuQ2DYiaHZT2RA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3w850kG15tbdBcg68QpSgwKtQfWrP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkwipDEiXalkKyUH9P5DQ2ZhqHtjOmODar3lz8z+tlGN0GuVBphlyx5aIokwQTMv+cDIXmDOXUEsq0sLcSNqaaMrT5VGwI3urL66R9Vfeu695Do9ZsFHGU4QzO4RI8uIEm3EMLfGAg4Ble4c1Rzovz7nwsW0tOMXMKf+B8/gDBmI6c</latexit>

�

Y
<latexit sha1_base64="GWw7qXdGGF1BjASybxrXXiNQm1E=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEuyy4cVnBPrQNZTKdtEMnkzBzI5TQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJTe53nrg2Ilb3OE24H9GREqFgFK302I8ojhmV5GFQqbo1dw6ySryCVKFAc1D56g9jlkZcIZPUmJ7nJuhnVKNgks/K/dTwhLIJHfGepYpG3PjZPPGMnFtlSMJY26eQzNXfGxmNjJlGgZ3ME5plLxf/83ophnU/EypJkSu2+ChMJcGY5OeTodCcoZxaQpkWNithY6opQ1tS2ZbgLZ+8StqXNc+teXdX1Ua9qKMEp3AGF+DBNTTgFprQAgYKnuEV3hzjvDjvzsdidM0pdk7gD5zPHyD6kIM=</latexit><latexit sha1_base64="GWw7qXdGGF1BjASybxrXXiNQm1E=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEuyy4cVnBPrQNZTKdtEMnkzBzI5TQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJTe53nrg2Ilb3OE24H9GREqFgFK302I8ojhmV5GFQqbo1dw6ySryCVKFAc1D56g9jlkZcIZPUmJ7nJuhnVKNgks/K/dTwhLIJHfGepYpG3PjZPPGMnFtlSMJY26eQzNXfGxmNjJlGgZ3ME5plLxf/83ophnU/EypJkSu2+ChMJcGY5OeTodCcoZxaQpkWNithY6opQ1tS2ZbgLZ+8StqXNc+teXdX1Ua9qKMEp3AGF+DBNTTgFprQAgYKnuEV3hzjvDjvzsdidM0pdk7gD5zPHyD6kIM=</latexit><latexit sha1_base64="GWw7qXdGGF1BjASybxrXXiNQm1E=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEuyy4cVnBPrQNZTKdtEMnkzBzI5TQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJTe53nrg2Ilb3OE24H9GREqFgFK302I8ojhmV5GFQqbo1dw6ySryCVKFAc1D56g9jlkZcIZPUmJ7nJuhnVKNgks/K/dTwhLIJHfGepYpG3PjZPPGMnFtlSMJY26eQzNXfGxmNjJlGgZ3ME5plLxf/83ophnU/EypJkSu2+ChMJcGY5OeTodCcoZxaQpkWNithY6opQ1tS2ZbgLZ+8StqXNc+teXdX1Ua9qKMEp3AGF+DBNTTgFprQAgYKnuEV3hzjvDjvzsdidM0pdk7gD5zPHyD6kIM=</latexit><latexit sha1_base64="GWw7qXdGGF1BjASybxrXXiNQm1E=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEuyy4cVnBPrQNZTKdtEMnkzBzI5TQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJTe53nrg2Ilb3OE24H9GREqFgFK302I8ojhmV5GFQqbo1dw6ySryCVKFAc1D56g9jlkZcIZPUmJ7nJuhnVKNgks/K/dTwhLIJHfGepYpG3PjZPPGMnFtlSMJY26eQzNXfGxmNjJlGgZ3ME5plLxf/83ophnU/EypJkSu2+ChMJcGY5OeTodCcoZxaQpkWNithY6opQ1tS2ZbgLZ+8StqXNc+teXdX1Ua9qKMEp3AGF+DBNTTgFprQAgYKnuEV3hzjvDjvzsdidM0pdk7gD5zPHyD6kIM=</latexit>

<latexit sha1_base64="IAt8pfAxvaF2b9c6kBE79Hy10H8=">AAAB/HicbVDNS8MwHE3n15xf1R29BIcwL6OVoR4nXjxOcB+w1ZGm6RaWJiVJhVLmv+LFgyJe/UO8+d+Ybj3o5oOQx3u/H3l5fsyo0o7zbZXW1jc2t8rblZ3dvf0D+/Coq0QiMelgwYTs+0gRRjnpaKoZ6ceSoMhnpOdPb3K/90ikooLf6zQmXoTGnIYUI22kkV0d+oIFKo3MBa8fsrp7NhvZNafhzAFXiVuQGijQHtlfw0DgJCJcY4aUGrhOrL0MSU0xI7PKMFEkRniKxmRgKEcRUV42Dz+Dp0YJYCikOVzDufp7I0ORyvOZyQjpiVr2cvE/b5Do8MrLKI8TTThePBQmDGoB8yZgQCXBmqWGICypyQrxBEmEtemrYkpwl7+8SrrnDfei4d41a61mUUcZHIMTUAcuuAQtcAvaoAMwSMEzeAVv1pP1Yr1bH4vRklXsVMEfWJ8/z6eULQ==</latexit>

A(1)
<latexit sha1_base64="ZcF2HuORr4fnd4u9Om3a1B5Uoe0=">AAAB/HicbVDNS8MwHE39nPOruqOX4BDmZbRjqMeJF48T3AdsdaRpuoWlSUlSoZT5r3jxoIhX/xBv/jemWw+6+SDk8d7vR16eHzOqtON8W2vrG5tb26Wd8u7e/sGhfXTcVSKRmHSwYEL2faQIo5x0NNWM9GNJUOQz0vOnN7nfeyRSUcHvdRoTL0JjTkOKkTbSyK4MfcEClUbmgtcPWa1xPhvZVafuzAFXiVuQKijQHtlfw0DgJCJcY4aUGrhOrL0MSU0xI7PyMFEkRniKxmRgKEcRUV42Dz+DZ0YJYCikOVzDufp7I0ORyvOZyQjpiVr2cvE/b5Do8MrLKI8TTThePBQmDGoB8yZgQCXBmqWGICypyQrxBEmEtemrbEpwl7+8SrqNuntRd++a1VazqKMETsApqAEXXIIWuAVt0AEYpOAZvII368l6sd6tj8XomlXsVMAfWJ8/0S2ULg==</latexit>

A(2)
<latexit sha1_base64="ivEsKgaYQxLe+hj82Bsv0k8ZYms=">AAAB/HicbVA7T8MwGHR4lvIKdGSxqJDKUiVQAWMRC2OR6ENqQ+U4TmvVsSPbQYqi8ldYGECIlR/Cxr/BaTNAy0mWT3ffJ5/PjxlV2nG+rZXVtfWNzdJWeXtnd2/fPjjsKJFITNpYMCF7PlKEUU7ammpGerEkKPIZ6fqTm9zvPhKpqOD3Oo2JF6ERpyHFSBtpaFcGvmCBSiNzweuHrHZ+Oh3aVafuzACXiVuQKijQGtpfg0DgJCJcY4aU6rtOrL0MSU0xI9PyIFEkRniCRqRvKEcRUV42Cz+FJ0YJYCikOVzDmfp7I0ORyvOZyQjpsVr0cvE/r5/o8MrLKI8TTTiePxQmDGoB8yZgQCXBmqWGICypyQrxGEmEtemrbEpwF7+8TDpndfei7t41qs1GUUcJHIFjUAMuuARNcAtaoA0wSMEzeAVv1pP1Yr1bH/PRFavYqYA/sD5/ANKzlC8=</latexit>

A(3)
<latexit sha1_base64="/QKLCnx3xWeXIOgiY63156AEa98=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFF7qsYB/YDiWT3mlDM5khyQhl6F+4caGIW//GnX9j2s5CWw8EDufcS849QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLHSYy+iZsSoILf9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofazeeIpObPKgISxsk8aMld/b2Q00noSBXZyllAvezPxP6+bmvDaz7hMUoOSLT4KU0FMTGbnkwFXyIyYWEKZ4jYrYSOqKDO2pJItwVs+eZW0LqreZdW7r1XqtbyOIpzAKZyDB1dQhztoQBMYSHiGV3hztPPivDsfi9GCk+8cwx84nz8GdpBz</latexit>G <latexit sha1_base64="JJMGKjsB+ZSMr9ALiNhdrvW34CY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sFNmHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6rBVTW4v6zULvM4inACp3AOAVxDDe6gDg2g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MHiUOPEA==</latexit>↵

<latexit sha1_base64="Yka6nB2fnyo8+Y9aWNI/23kmyKo=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzUtRlwY3LCvYBnbFkMpk2NJMMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Xgg5nHMP994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w86SqQSkzYWTMhegBRhlJO2ppqRXiIJigNGusH4Ote7D0QqKvidniTEj9GQ04hipA01sI+8QLBQTWLzQY8ZY4jus5p7Nh3YVafuzAouA7cAVVBUa2B/eaHAaUy4xgwp1XedRPsZkppiRqYVL1UkQXiMhqRvIEcxUX42O2EKTw0TwkhI87iGM/a3I0Oxyrc0nTHSI7Wo5eR/Wj/V0ZWfUZ6kmnA8HxSlDGoB8zxgSCXBmk0MQFhSsyvEIyQR1ia1ignBXTx5GXTO6+5F3b1tVJuNIo4yOAYnoAZccAma4Aa0QBtg8AiewSt4s56sF+vd+pi3lqzCcwj+lPX5A6Y7luU=</latexit>

�(1)
<latexit sha1_base64="exUhw6kvm7CL1NbWLPPncDK1oG4=">AAACAnicbVDLSgMxFM34rPU16krcBItQN2WmFHVZcOOygn1AZyyZTKYNzSRDkhHKUNz4K25cKOLWr3Dn35hpZ6GtF0IO59zDvfcECaNKO863tbK6tr6xWdoqb+/s7u3bB4cdJVKJSRsLJmQvQIowyklbU81IL5EExQEj3WB8nevdByIVFfxOTxLix2jIaUQx0oYa2MdeIFioJrH5oMeMMUT3WbV+Ph3YFafmzAouA7cAFVBUa2B/eaHAaUy4xgwp1XedRPsZkppiRqZlL1UkQXiMhqRvIEcxUX42O2EKzwwTwkhI87iGM/a3I0Oxyrc0nTHSI7Wo5eR/Wj/V0ZWfUZ6kmnA8HxSlDGoB8zxgSCXBmk0MQFhSsyvEIyQR1ia1sgnBXTx5GXTqNfei5t42Ks1GEUcJnIBTUAUuuARNcANaoA0weATP4BW8WU/Wi/VufcxbV6zCcwT+lPX5A6fBluY=</latexit>

�(2)
<latexit sha1_base64="rjUj/oTMPOSE97w/LEo3ENE0GR4=">AAACAnicbVDLSgMxFM34rPU16krcBItQN2VGi7osuHFZwT6gM5ZMJtOGZpIhyQhlKG78FTcuFHHrV7jzb8y0s9DWCyGHc+7h3nuChFGlHefbWlpeWV1bL22UN7e2d3btvf22EqnEpIUFE7IbIEUY5aSlqWakm0iC4oCRTjC6zvXOA5GKCn6nxwnxYzTgNKIYaUP17UMvECxU49h80GPGGKL7rHp+OunbFafmTAsuArcAFVBUs29/eaHAaUy4xgwp1XOdRPsZkppiRiZlL1UkQXiEBqRnIEcxUX42PWECTwwTwkhI87iGU/a3I0Oxyrc0nTHSQzWv5eR/Wi/V0ZWfUZ6kmnA8GxSlDGoB8zxgSCXBmo0NQFhSsyvEQyQR1ia1sgnBnT95EbTPau5Fzb2tVxr1Io4SOALHoApccAka4AY0QQtg8AiewSt4s56sF+vd+pi1LlmF5wD8KevzB6lHluc=</latexit>

�(3)

<latexit sha1_base64="18M4PvkRPl0WIGVbSLsQ9+/9Uto=">AAAB/nicbVBPS8MwHP11/pvzX1U8eQkOYV5GK0M9Drx4nODmYK0jTbMtLE1LkgqjDPwqXjwo4tXP4c1vY7r1oJsPQh7v/X7k5QUJZ0o7zrdVWlldW98ob1a2tnd29+z9g46KU0lom8Q8lt0AK8qZoG3NNKfdRFIcBZzeB+Pr3L9/pFKxWNzpSUL9CA8FGzCCtZH69pEXxDxUk8hcyOuyh6zmnk37dtWpOzOgZeIWpAoFWn37ywtjkkZUaMKxUj3XSbSfYakZ4XRa8VJFE0zGeEh7hgocUeVns/hTdGqUEA1iaY7QaKb+3shwpPKEZjLCeqQWvVz8z+ulenDlZ0wkqaaCzB8apBzpGOVdoJBJSjSfGIKJZCYrIiMsMdGmsYopwV388jLpnNfdi7p726g2G0UdZTiGE6iBC5fQhBtoQRsIZPAMr/BmPVkv1rv1MR8tWcXOIfyB9fkDdyOVHQ==</latexit>

⌅(1)
<latexit sha1_base64="B+kyQkdH6GDhXk1+x0Sm71sm/DU=">AAAB/nicbVDNS8MwHE3n15xfVfHkJTiEeRntGOpx4MXjBPcBax1pmm5haVKSVBhl4L/ixYMiXv07vPnfmG496OaDkMd7vx95eUHCqNKO822V1tY3NrfK25Wd3b39A/vwqKtEKjHpYMGE7AdIEUY56WiqGeknkqA4YKQXTG5yv/dIpKKC3+tpQvwYjTiNKEbaSEP7xAsEC9U0Nhf0+vQhqzUuZkO76tSdOeAqcQtSBQXaQ/vLCwVOY8I1Zkipgesk2s+Q1BQzMqt4qSIJwhM0IgNDOYqJ8rN5/Bk8N0oIIyHN4RrO1d8bGYpVntBMxkiP1bKXi/95g1RH135GeZJqwvHioShlUAuYdwFDKgnWbGoIwpKarBCPkURYm8YqpgR3+curpNuou5d1965ZbTWLOsrgFJyBGnDBFWiBW9AGHYBBBp7BK3iznqwX6936WIyWrGLnGPyB9fkDeKmVHg==</latexit>
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Figure 1: Bayesian model for Tucker decomposition. a) Bayesian tensor Tucker decompostion [27]; b) Straightforwardly extend the modeling
of (a) to tensor Tucker decompositon with a flexible core; c) The proposed Bayesian model.

the observations, which is Gaussian with unknown precision
α ∼ Gamma(c, d). Let Θ collects all the unknown variables,
i.e., Θ = {B(1),B(2),B(3), Σ1,Σ2,Σ3, α}, the joint distri-
bution of YΩ and Θ is given by

p (YΩ,Θ)

= p
(
YΩ|B(1),B(2),B(3), α

)
p
(
B(1)|Σ1

)
p (Σ1)

p
(
B(2)|Σ2

)
p (Σ2) p

(
B(3)|Σ3

)
p (Σ3) p (α)

∝ exp

{∑
i1i2i3

Oi1i2i3
2

lnα

− α

2

∥∥∥∥∥O ∗
(
Y −

L∑
l=1

(
B

(1)
:,l ◦B

(2)
:,l ◦B

(3)
:,l

))∥∥∥∥∥
2

F

+
∑

k=1,2,3

(
L

2
ln |Σk| −

1

2

L∑
l=1

B
(k)
:,l

T
ΣkB

(k)
:,l

+
vk − Ik − 1

2
ln |Σk| −

1

2
Tr
(
Ψ−1
k Σk

))
+ (c− 1) lnα− dα

}
. (11)

We term the proposed model as Bayesian Flexible Core Tucker
Completion via a hierarchical Wishart Prior (BFCTC-W).

Remark 1: Notice that the proposed format in this paper is a
new representation of Tucker, rather than a new decomposition
model. We need this new representation of Tucker because
in the conventional Tucker Bayesian model, the number of
parameters for estimating the variation of the Tucker core
is small, thus offering limited flexibility to data modeling.
With the new representation of Tucker, the core tensor can
be represented more flexibly and accurately. One may suggest
directly adding correlated priors in the core tensor of the
conventional Bayesian Tucker model to enhance the core
flexibility. However, as the multilinear rank is unknown, the
dimension of the Tucker core is not fixed in prior. This brings
a challenge on specifying the correlation priors of the Tucker

core. In contrast, the proposed representation enables both
flexible core and multilinear rank estimation.

Remark 2: Expressing the Tucker core tensor using CP format
has also been considered in [45] for developing an approximate
CPD based on the relationship between CPD and Tucker
format. However, it requires at least two factor matrices of the
CP representation of the core to be of full rank. In contrast,
the model in this paper does not require this. In fact, we
purposely makes the factor matrices of CP representation not
to be full rank, so that rank estimation can be incorporated in
the inference procedure.

Remark 3: Recently, a Bayesian model for a special case
of block-term decomposition has been developed in [44].
In general, block-term decomposition can be interpreted as
a sum of several Tucker decompositions [43]. Given that
the proposed Tucker model in this paper could estimate the
multilinear rank R1, R2, R3, one may consider extending the
model to general block-term decomposition by including an
additional sparse latent variable multiplied to the covariance
of B(k) to indicate the presence or absence of a Tucker
component. But this extension is beyond the scope of this
work and thus is left for future study.

IV. VARIATIONAL INFERENCE ALGORITHM

In Bayesian framework, the inference of Θ is based on the
posterior distribution p(Θ|YΩ) = p(YΩ,Θ)/

∫
p(Θ,YΩ)dΘ.

However, the multiple integrations involved are generally
intractable. To tackle this, variational inference [46], [47]
is a major tool for inferring parameters of a complicated
probabilistic model. Although each of the prior of B(k)

follows Gaussian-inverse Wishart distribution, and is the same
as in conventional Bayesian matrix completion problem [33],
the joint distribution for the newly proposed equivalent Tucker
model in (11) is more complicated than that in Bayesian matrix
completion. In particular, there are three factor matrices to
be estimated in Tucker model. Furthermore, the three factor
matrices are coupled in a nonlinear way in (11). This makes
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the inference algorithm very different from the simple matrix
completion problem.

A. Derivation of the algorithm

The key idea in variational inference is to approximate
the true posterior distribution p(Θ|YΩ) by a variational dis-
tribution Q(Θ) that minimizes the Kullback-Leibler (KL)
divergence:

KL (Q (Θ)) ||p (Θ|YΩ)

=−
∫
Q (Θ) ln

{
p (Θ|YΩ)

Q (Θ)

}
dΘ. (12)

To facilitate the KL divergence minimization, the variational
distribution Q(Θ) is usually restricted to the mean-field family
Q(Θ) =

∏
mQ(Θm), where Θm ∈ Θ with ∪Mm=1Θm = Θ

and ∩Mm=1Θm = Ø. Under the mean-field assumption, each
optimal variational distribution Q∗(Θm) that minimizes the
KL divergence is obtained by computing [46]

Q∗ (Θm) =
exp

(
EΘ\Θm

[ln p (Θ,YΩ)]
)∫

exp
(
EΘ\Θm

[ln p (Θ,YΩ)]
)
dΘm

, (13)

where Θ\Θm is the variables set in Θ but excluding Θm.
Obviously, the variational distributions in (13) are coupled

in the sense that the computation of the variational distribution
of one parameter, e.g., Θm, requires the knowledge of vari-
ational distributions of other parameters Θ\Θm. Therefore,
these variational distributions are updated iteratively. In the
following, an explicit expression for each Q(·) is derived under
the mean-field Q(Θ) = Q(α)

∏
k,lQ(B

(k)
:,l )

∏
kQ(Σk). To

make the presentation concise, only the results are given below
while the derivations are detailed in Appendix A.
Update of Q(B

(k)
:,l ):

Q
(
B

(k)
:,l

)
∝ N

(
m

(k)
l ,Υ

(k)
l

−1
)
, (14)

where

Υ
(k)
l

−1
=

(
E [Σk] + E [α] · Diag

(
O(k)·⊙

h6=k

[
m

(h)
l ∗m

(h)
l + diag(Υ

(h)
l

−1
)
]))−1

m
(k)
l = −Υ

(k)
l

−1
E [α]

{
∑
p 6=l

diag
(
O(k)

⊙
h 6=k

(m
(h)
l ∗m(h)

p ) ·m(k)
p

T
)

−
[ (
Y(k) ∗O(k)

)
·
(⊙
h 6=k

m
(h)
l

)]}
, (15)

where diag(.) takes the diagonal of the matrix and put it as a
vector, and O(k) is the mode-k unfolding of tensor O.
Update of Q(Σk):

Q(Σk) ∝Wishart(v̂k, Ψ̂k), (16)

where v̂k and Ψ̂k are given by

v̂k = vk + L,

Ψ̂k =

(
Ψ−1
k +M (k)

(
M (k)

)T
+

L∑
l=1

Υ
(k)
l

−1

)−1

, (17)

with M (k) =
[
m

(k)
1 ,m

(k)
2 , ...,m

(k)
L

]
.

Update of Q(α):

Q (α) ∝ Gamma
(
ĉ, d̂
)
, (18)

where

ĉ = c+

∑
i1i2i3

Oi1i2i3
2

,

d̂ = d+
1

2
Tr
{

(Y(1) ∗O(1))(O(1) ∗ Y(1))
T
}

− Tr
{

(Y(1) ∗O(1))
(

(M (3) �M (2))(M (1))T
)}

+
1

2

{ L∑
l=1

L∑
p 6=l

(
m

(1)
l ∗m(1)

p

)T
O(1)

⊙
h 6=1

(
m

(h)
l ∗m(h)

p

)

+

L∑
l=1

(
m

(1)
l ∗m

(1)
l + diag(Υ

(1)
l

−1
)
)T

·O(1)

⊙
h6=1

(
m

(h)
l ∗m

(h)
l + diag(Υ

(h)
l

−1
)
)}

.

(19)

To compute various updates, we need a number of expectations
on different variables. For example, in the covariance of
Q(B

(k)
:,l ), we need E [Σk] which can be computed from (17) as

v̂kΨ̂k. For E [α], it can be computed using (18) as E [α] = ĉ/d̂.

B. Summary of the algorithm and properties

The procedure of BFCTC-W is summarized in Algorithm
1. As Q(B(k)) are Gaussian disttibuted with mean M (k) =[
m

(k)
1 , ...,m

(k)
L

]
, after the algorithm converges, we takeM (k)

as an estimate of B(k). To provide non-informative hyper-
priors, we set the top level hyper-parameters c = d = 10−6.
Also, we choose v1 = v2 = v3 = 10 [33]. For the parameters
under inference, M (k) = E

[
B(k)

]
is initialized as S0∆

1
2
0

[2], where S0 denotes the left singular vector matrix and
∆0 denotes the diagonal singular values matrix from SVD of

Y(k).
{

Υ
(k)
l

}L
l=1

are initialized as
{

Υ
(k)
l = I

}L
l=1

. The initial
covariance matrix Σk is simply set to I and α is initialized
by α = c/d. Based on the description in Section III, L should
be a large value so we take L = 150. Finally, the algorithm is
stopped when the normalized mean square error between the
estimated tensors of two adjacent iterations is smaller than
10−6.

We should notice that the parameter L is set to be a fixed
value, and will not be updated in the process of inference.
This parameter is related to how flexible the core tensor is,
and has nothing to do with the multilinear rank of the Tucker
model. On the other hand, with the low-rank promoting prior
on B(k), the multilinear rank is revealed by the number of
non-zero singular values (or singular values above certain
threshold if the data is noisy) from D(1), D(2), D(3) in SVD
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Algorithm 1: Bayesian Flexible Core Tucker Completion via a
hierarchical Wishart Prior (BFCTC-W)

Input: a third-order noisy tensor Y
Initialization: M (k) =

[
m

(k)
1 , ...,m

(k)
L

]
,
{
Φ

(k)
i

}I1

i=1
,

Ψk , vk , Σk = I , ∀k ∈ [1, 3], α = c/d, L
repeat:
• Update {Q(B

(k)
:,l )}Ll=1, k = 1, 2, 3 using (14) and (15);

• Update Q(Σk), k = 1, 2, 3 using (16) and (17);
• Update Q(α) using (18) and (19);

until convergence
Compute SVD of M (k) = U (k)D(k)V (k)T . The core tensor of the
Tucker decomposition is [[D(1)V (1)T ,D(2)V (2)T ,D(3)V (3)T ]]

and the factor matrices are U (k).

of M (1), M (2), M (3). In this way, the multilinear rank could
be automatically learned without updating L.

In the proposed algorithm, the computational complex-
ity of the factor matrices {B(k)}3k=1, the hyperparameters
{Σ(k)}3k=1, and the noise precision α are O

(
L ·∑3

k=1 Ik
3 +

3|Ω|(L2 + L)
)
, O
(∑3

k=1 Ik
3
)

and O
(
|Ω|(L2 + L)

)
, respec-

tively, where |Ω| denotes the number of observations. Thus the
overall computational complexity is O

(
L
∑3
k=1 Ik

3+4L2|Ω|
)
.

On the other hand, the computational complexity of Bayesian
Tucker Completion (abbreviated as BTC [27], [48], [49],
partially observed version of BTD) is O

(∑3
k=1 IkR

3
k +

|Ω|∏3
n=1Rn

∑3
k=1 Ik

)
[27]. Based on the above complexity

analysis, it can be seen that under high multilinear rank
scenarios, which are likely in real-world data, the proposed
BFCTC-W has a lower complexity order than BTC. The
numerical experiments in the next section also confirm that
the proposed algorithm run faster than BTC.

When the tensor Y is fully observed, we could directly
set O as an all-one tensor in Algorithm 1. However, directly
executing Algorithm 1 in fully observed data case is not
the most efficient way, as many expressions in Algorithm 1
can be simplified when O is an all-one tensor. It turns out
that the complexity of the proposed algorithm under fully
observed data is O

(∑3
k=1 Ik

3 +
∏3
k=1 Ik

)
. The details of the

simplification and the corresponding complexity analysis is
given in Appendix B.

V. EXPERIMENTAL RESULTS

We evaluate the proposed algorithm BFCTC-W by extensive
experiments and compare it with state-of-the-art methods
including HOOI [17], [26], ARD-Tucker [28], W-Tucker [50],
CTNM [51], HaLRTC [52] and Bayesian Tucker completion
(BTC) [27], which is an extension of BTD to incomplete
data. Since this paper focuses on a new interpretation of the
Tucker decomposition and its consequences in modeling and
inference, the compared algorithms are all Tucker related.
In all the experiments, the multilinear rank parameters of
HOOI, W-Tucker and HaLRTC are set as the true rank (if
ground true is available), or we follow the default settings
suggested in these works (if ground truth is not available).
For the competing algorithms, ARD-Tucker, CTNM and BTC
can automatically learn the multilinear rank. For the proposed
BFCTC-W, multilinear rank is determined by retaining singu-
lar values inD(k) if its squared value is larger than 10−4 times

of the squared value of the largest singular values. For all the
experiments, the locations of the missing data are assumed to
be uniformly distributed in the tensor data. The experiments
are carried out in MATLAB R2020a on a macOS with 2.2
GHz Inter Core i7 CPU and 16 GB RAM.

A. Synthetic data

We generate two kinds of synthetic data. The first one is
when the elements of the core tensor are i.i.d. and drawn
from Gr1,r2,r3 ∼ N (0, 1), ∀rk = 1, ..., Rk, k = 1, 2, 3.
The second kind of synthetic data is with Gr1,r2,r3 obeying
Gaussian distribution with zero mean and standard deviation∏3
k=1 ζ

(k)
rk where ζ(k)

rk is independent and uniformly drawn
from {1, 2, ..., Rk}, ∀rk = 1, ..., Rk and k = 1, 2, 3. This case
represents the scenario where the elements of the Tucker core
have diverse variances. For both synthetic data, all elements of
factor matrices A(1), A(2) and A(3) are drawn from N (0, 1),
and then orthogonalization among columns was performed
such that A(k)TA(k) = IRk

. As the synthetic data does
not contain smoothness among neighboring values, we choose
Ψ1 = Ψ2 = Ψ3 = 1010I. Gaussian noise is added to the
generated tensor data at SNR = 5dB for denoising task and
SNR = 10dB for completion task. To assess the performance,
the relative root square error RRSE= ||X − X̂ ||F /||X ||F and
estimated multilinear rank (if applicable) are shown, where X̂
is the reconstructed tensor from various algorithms. All results
in this subsection are averaged over 200 runs on independently
generated tensors and noise realizations.

First, let us look at the case of fully observed data. We
consider a tensor size of I1 = I2 = I3 = 30 with two
multilinear rank settings: (15, 15, 15) or (13, 15, 17). We also
consider a tensor with unbalanced dimension I1 = 20, I2 =
I3 = 30 and with rank (5, 15, 15). From Table I, it can be
observed that when the core tensor elements are i.i.d., all
Bayesian algorithms (ARD-Tucker, BTC, and the proposed
BFCTC-W) give the correct multilinear rank estimate, and they
achieve similar performance, although BTC performs slightly
better. However, when the tensor core elements have diverse
variances, ARD-Tucker and BTC show degradation in rank
estimation, as their parameters {λ(k)}3k=1 have dual purposes
of learning the multilinear rank and the variances of different
core elements. When the core elements have diverse variances,
this leads to degraded capability of multilinear rank estimation.
On the other hand, the proposed algorithm can still give an
average of the multi-linear rank estimates very close to the
true values, and is more accurate than ARD-Tucker and BTC.
The more accurate rank estimation also translates into smaller
RRSE as shown in Table I.

Compared with the optimization algorithms, despite the
proposed BFCTC-W does not have the knowledge of ground
truth multilinear rank, it still in general outperforms HOOI
which is equipped with perfect knowledge of multilinear
rank. This is because HOOI does not model noise separately,
thus noise is indistinguishable from the signal part and get
fitted into the model. On the other hand, for HaLRTC, the
model only fits the data to the unfolded matrix (see (2)),
thus multilinear rank information is not exploited to achieve
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Table I: Rank estimation, RRSE of tensor recovery and run times from the fully observed noisy tensors at SNR = 5dB.

Tensor Setting HOOI HaLRTC ARD-Tucker BTC BFCTC-W

i.i.d. elements
averaged estimated rank - - (15,15,15) (15,15,15) (15,15,15)

RRSE 0.2199 0.4032 0.2169 0.2169 0.2241
size(30,30,30) in the core run time (s) 0.0446 4.3364 10.5141 109.0463 25.0228
rank(15,15,15)

elements in the core
averaged estimated rank - - (12.9,12.9,12.9) (12.8,12.9,12.9) (14.9,14.8,14.8)

RRSE 0.2277 0.3666 0.2378 0.2338 0.2153
with different variances run time (s) 0.0215 4.1212 10.4463 51.3984 26.8785

i.i.d. elements
averaged estimated rank - - (13,15,17) (13,15,17) (13,15,17)

RRSE 0.2181 0.4009 0.2158 0.2150 0.2223
size(30,30,30) in the core run time (s) 0.0228 4.0901 9.8527 97.3099 26.6467
rank(13,15,17)

elements in the core
averaged estimated rank - - (11.5,12.9,14.0) (11.3,12.9,14.2) (13,14.9,16.3)

RRSE 0.2256 0.3661 0.2383 0.2359 0.2139
with different variances run time (s) 0.0237 4.0637 8.1619 49.7182 27.1516

i.i.d. elements
averaged estimated rank - - (5,15,15) (5,15,15) (5,15,15)

RRSE 0.1720 0.3758 0.1704 0.1711 0.1744
size(20,30,30) in the core run time (s) 0.0143 3.6567 6.7662 26.3378 25.9109
rank(5,15,15)

elements in the core
averaged estimated rank - - (5,12.7,11.9) (5,12.3,12.6) (5,14.4,14.3)

RRSE 0.1786 0.3411 0.2045 0.1984 0.1774
with different variances run time (s) 0.0147 3.6593 6.9771 25.7328 24.8938

Table II: Rank estimation, RRSE of tensor recovery and run times from the incomplete noisy tensors at SNR = 10dB.

Tensor Setting CTNM HaLRTC W-Tucker BTC BFCTC-W

i.i.d. elements
averaged estimated rank (12,12,12) - - (10,10,10) (10,10,10)

RRSE 0.2115 0.6966 0.1688 0.1574 0.1633
size(30,30,30) in the core run time (s) 9.6557 4.3157 13.5903 1694.6 82.3652
rank(10,10,10)

elements in the core
averaged estimated rank (12,12,12) - - (8.8,9.0,9.2) (10,10,10)

SR = 30 % RRSE 0.2134 0.5948 0.3858 0.2061 0.1691
with different variances run time (s) 6.7027 4.3352 31.4127 1248.2 80.7936

i.i.d. elements
averaged estimated rank (9,9,9) - - (8,10,12) (8,10,12)

RRSE 0.4938 0.6916 0.2323 0.1547 0.1603
size(30,30,30) in the core run time (s) 8.3659 2.7425 14.9459 1608.7 82.3668
rank(8,10,12)

elements in the core
averaged estimated rank (9,9,9) - - (7.5,9.0,10.5) (8,10,11.9)

SR = 30 % RRSE 0.2423 0.5903 0.3728 0.1989 0.1662
with different variances run time (s) 8.2913 3.0755 32.3342 1358.8 78.4391

i.i.d. elements
averaged estimated rank (3,12,12) - - (3,10,10) (3,10,10)

RRSE 0.1579 0.6086 0.1694 0.1308 0.1325
size(20,30,30) in the core run time (s) 7.0098 3.7958 9.9095 436.0154 65.3670
rank(3,10,10)

elements in the core
averaged estimated rank (3,12,12) - - (3,7.5,8.2) (3,9.9,9.9)

SR = 30 % RRSE 0.1616 0.5133 0.2155 0.2157 0.1394
with different variances run time (s) 7.0789 3.7571 25.1025 440.0624 66.7978

complexity control. This is reflected in the obviously large
RRSE obtained from HaLRTC.

Next, we consider incomplete noisy tensor data and the
results are shown in Table II. The tensor size is of I1 =
I2 = I3 = 30 with rank being (10, 10, 10) or (8, 10, 12).
We also consider an unbalanced data dimension of I1 =
20, I2 = I3 = 30 with rank (3, 10, 10). The observed data are
uniformly random sampled with sampling ratio (SR) = 30%
from the synthetic noisy tensor. Since HOOI and ARD-Tucker
cannot handle missing data, we compare the performance to
CTNM and W-Tucker instead (CTNM could estimate the rank
while the input rank to W-Tucker is the true rank). It can be
observed from Table II that when the core tensor elements are
i.i.d., BTC performs slightly better than the proposed BFCTC-
W. This is not surprising, as BTC is a simpler model than
the proposed algorithm, and in the i.i.d. core tensor case,
the single β parameter in the BTC is sufficient to learn the
variance of the core elements so that {λ(k)}3k=1 could dedicate
their flexibility to learn an accurate multilinear rank. However,
when the tensor core elements are having diverse variances,
the proposed BFCTC-W shows unmistakably the best perfor-
mance. In particular, the proposed BFCTC-W estimates the
multilinear rank correctly for the rank (10, 10, 10) while BTC
underestimates the multilinear rank. For the cases with multi-

linear rank (8, 10, 12) and (3, 10, 10), the proposed BFCTC-W
gives a closer rank estimate to the ground truth compared to
BTC. This in turn reflects in the significantly smaller RRSE
achieved by the proposed algorithm compared to BTC.

When comparing to optimization-based methods, the pro-
posed algorithm achieves smaller RRSE than HaLRTC which
does not exploit multilinear rank information and CTNM
which has unstable multilinear rank estimation. For W-Tucker,
even though it is given the accurate multilinear rank, its
performance is still not as good as the proposed algorithm.

From the above results, we could see that the proposed
BFCTC-W achieves comparable performance to BTC and
ARD-Tucker if the elements of the core tensor are i.i.d.
However, when the elements of the core tensor are having
diverse variances, the proposed method not only determines
the multilinear rank more accurately than BTC, ARD-Tucker
and CTNM, but also recovers the tensor data more accurately.
This shows the wider adaptability of the proposed algorithm
under different core tensor scenarios. Finally, it is noted from
Table I and II that the proposed BFCTC-W takes even shorter
computation times than the BTC in most of the cases, making
the proposed method being a better choice than BTC in terms
of both performance and computation speed.
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Table III: RRSE and PSNR of image de-noising at SNR = 5dB.

Color Image HOOI HaLRTC ARD-Tucker BCPF BTC BFCTC-W
RRSE PSNR RRSE PSNR RRSE PSNR RRSE PSNR RRSE PSNR RRSE PSNR

peppers 0.1387 23.0752 0.1390 23.0564 0.2085 19.5346 0.1337 23.3949 0.1327 23.4593 0.1051 25.4841
lena 0.1135 24.0207 0.1142 23.9673 0.1572 21.1915 0.1026 24.8991 0.1117 24.1595 0.0821 26.8368

barbara 0.1199 24.8287 0.1324 23.9673 0.1836 21.1276 0.1124 25.3903 0.1209 24.7565 0.0946 26.8918
house 0.0907 25.4619 0.0943 25.1238 0.1451 21.3807 0.0808 26.4623 0.0890 25.6262 0.0642 28.4688

airplane 0.0666 26.2068 0.0842 24.1700 0.1268 20.6139 0.0610 26.9744 0.0824 24.3577 0.0548 27.9076
sailboat 0.1357 22.5032 0.1345 22.5804 0.1854 19.7926 0.1247 23.2399 0.1409 22.1766 0.1102 24.3148
facade 0.0826 27.4062 0.0936 26.3203 0.1153 24.5093 0.0696 28.8881 0.0815 27.5227 0.0664 29.3082
baboon 0.1482 21.9409 0.1444 22.1665 0.2045 19.1440 0.1330 22.8810 0.1568 21.4509 0.1310 23.0100

Table IV: RRSE and PSNR of image completion at SR = 30% and SNR = 20dB.

Color Image CTNM HaLRTC W-Tucker BCPF BTC BFCTC-W
RRSE PSNR RRSE PSNR RRSE PSNR RRSE PSNR RRSE PSNR RRSE PSNR

peppers 0.1227 24.1398 0.1275 23.8065 0.1596 21.8560 0.1011 25.8240 0.1478 22.5232 0.0837 27.4622
lena 0.0991 25.1991 0.0994 25.1729 0.1230 23.3225 0.0777 27.3159 0.1102 24.2770 0.0713 28.0588

barbara 0.1171 25.0339 0.1187 24.9160 0.1305 24.0928 0.1058 25.9186 0.1235 24.5717 0.0846 27.8576
house 0.0733 27.3119 0.0786 26.7056 0.0982 24.7718 0.0809 26.4539 0.0932 25.2257 0.0527 30.1778

airplane 0.0791 24.7128 0.0766 24.9917 0.0907 23.5241 0.0724 25.4778 0.0971 22.9319 0.0587 27.3035
sailboat 0.1405 22.2013 0.1327 22.6974 0.1466 21.8321 0.1181 23.7101 0.1769 20.2003 0.1015 25.0255
facade 0.0702 28.8191 0.0680 29.0957 0.0789 27.8043 0.0770 28.0208 0.1058 25.2561 0.0610 30.0392
baboon 0.1673 20.8879 0.1500 21.8360 0.1850 20.0144 0.1522 21.7119 0.1982 19.4158 0.1414 22.3489

Table V: RRSE and PSNR of image completion at SR = 20% and SNR = 10dB.

Color Image CTNM HaLRTC W-Tucker BCPF BTC BFCTC-W
RRSE PSNR RRSE PSNR RRSE PSNR RRSE PSNR RRSE PSNR RRSE PSNR

peppers 0.2159 19.2316 0.2101 19.4682 0.3604 14.7810 0.1393 23.0369 0.2183 19.1356 0.1290 23.7056
lena 0.1700 20.5116 0.1584 21.1255 0.2649 16.6590 0.1043 24.7548 0.2263 18.0269 0.1009 25.0395

barbara 0.1928 20.7029 0.1863 21.0008 0.2755 17.6026 0.1306 24.0854 0.1984 20.4542 0.1202 24.8060
house 0.1426 21.5316 0.1307 22.2885 0.1989 18.6413 0.0970 24.8778 0.1576 20.6629 0.0812 26.4216

airplane 0.1243 20.7869 0.1132 21.5994 0.1599 18.5993 0.0847 24.1183 0.1579 18.7086 0.0809 24.5126
sailboat 0.2305 17.9014 0.1966 19.2832 0.3244 14.9332 0.1460 21.8651 0.2199 18.3103 0.1420 22.1065
facade 0.1239 23.8844 0.1025 25.5314 0.1627 21.5181 0.1037 25.4319 0.1062 25.2234 0.0871 26.9437
baboon 0.2319 18.0518 0.1915 19.7145 0.3131 15.4442 0.1676 20.8737 0.2070 19.0384 0.1627 21.1320

B. Image data

Next we show the results of 8 RGB benchmark images
each with size 256×256×3. For the denoising task, we set
SNR = 5dB. For the completion task, we set SNR = 20dB,
SR = 30% and SNR = 10dB, SR = 20%. As the image
data contain smoothness among neighboring pixels, we choose
Ψ1 = Ψ2 = Ψ3 = F TF , where F is defined in (10). The
results are shown in Table III for denoising and Tables IV,
V for completion. For HOOI and W-Tucker, the multilinear
rank is set at (40, 40, 3) [50]. For CTNM, the upper bound of
the multilinear rank is set as (40, 40, 3) [51], while HaLRTC
does not make use of the multilinear rank information. For this
experiment, we also compare the result to BCPF [2], which
is the Bayesian CPD and can be considered as a restricted
form of Bayesian Tucker, and the CPD rank is learnt from the
algorithm.

It can be seen from Tables III, IV and V that the proposed
BFCTC-W method achieves the best RRSE and PSNR in all
tested images, due to the more flexible Tucker core in the
proposed model. To examine the visual differences, Figure
2 shows two examples (Lena and House) of the de-noised
images and Figure 3 shows two examples (Sailboat and
Peppers) of the completed images (SNR = 20dB, SR = 30%)
from various algorithms (locally enlarged details are shown
in the second and forth rows of the figures). It can be seen
that the proposed BFCTC-W recovers the best images, which
loses less image details than BTC, BCPF, ADR-Tucker and

HaLRTC, and removes more noise than HOOI, CTNM and
W-Tucker, achieving a better balance between noise removal
and recovering image details.

C. MRI data

Finally, we evaluate BFCTC-W method on recovering MRI
dataset ”T1 ICBM normal 1mm pn0 rf0” [27] with size
181×217×181, and with i.i.d. Gaussian noise added to the full
data at SNR = 5dB and to the incomplete data (SR = 30%)
at SNR = 20dB. As the MRI data contain smoothness among
neighboring pixels, we also choose Ψ1 = Ψ2 = Ψ3 = F TF ,
where F is defined in (10). Since the dimensions and rank of
MRI data are generally high, it is commonly believed that [27]
the data as a whole does not has a globally low-rank struc-
ture. However, low-rank structure may exist in smaller block.
Hence, we follow [27] and apply Tucker decompositions to
non-overlapping blocks of data independently.

Table VI and Table VII show the denoising and completion
performance of various algorithms for five blocks of the MRI
data, each of size 181×217×5. For the HOOI algorithm, we
consider two ways to set its multilinear rank. The first one is
by carefully tunning it to give the smallest RRSE, and it was
found that the most suitable rank for HOOI is (30,30,2). The
second one is by using the multilinear rank from the proposed
BFCTC-W. And the upper bound of multilinear rank of CTNM
and the input multilinear rank of W-Tucker are set in the same
way as that in image data in the last section.
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Figure 2: Examples of the de-noised images at SNR = 5dB.

It can be seen that the proposed BFCTC-W performs
the best in terms of RRSE due to its more flexible core
compared to other Bayesian algorithms. Furthermore, due to
the advantages of explicit modeling of noise, the proposed
algorithm also outperforms optimization-based methods. Fig-
ure 4 shows two examples (block1 and block5) of the MRI
completion results from different algorithms (locally enlarged
details are shown in the second and forth rows of the figures).
It can be seen that the proposed BFCTC-W recovers the best
images, which loses less image details and removes more noise
compared to other algorithms.

VI. CONCLUSION

We have proposed a Bayesian Flexible Core Tucker tensor
completion model by revealing that Tucker decomposition
is equivalent to a CPD with factor matrices having large
number of columns while being low-rank. With the low-rank
structure in the factor matrices being modeled by the Gaussian-
inverse Wishart prior, an inference algorithm with closed-
form update has further been derived under the variational
Bayesian framework. Extensive experiments on synthetic data
have showed that the proposed model achieves more accu-
rate multilinear rank estimation, and higher tensor recovery
accuracies compared to previous Bayesian Tucker models
when the elements of the core tensor are having diverse
variances. Further experiments on color images and MRI data
validated the superiority of the proposed method in practical
applications.
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Figure 3: Examples of the recovered images at SR = 30% and SNR = 20dB.

Table VI: RRSE and PSNR of MRI de-noising at SNR = 5dB.

MRI HOOI HOOI (BFCTC-W rank) HaLRTC ARD-Tucker BTC BFCTC-W
RRSE PSNR RRSE PSNR RRSE PSNR RRSE PSNR RRSE PSNR RRSE PSNR

Block1 0.1348 25.9105 0.1561 24.6363 0.3396 17.8850 0.1647 24.1704 0.1341 25.9557 0.1205 26.8857
Block2 0.1412 26.3535 0.2060 23.0728 0.3179 19.3044 0.1892 23.8117 0.1431 26.2374 0.1273 27.2560
Block3 0.1480 26.3605 0.1797 24.6747 0.3015 20.1800 0.1891 24.2319 0.1474 26.3958 0.1332 27.2733
Block4 0.1496 26.2426 0.1856 24.3697 0.2863 20.6048 0.1971 23.8475 0.1480 26.3360 0.1346 27.1575
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APPENDIX A
DERIVATION OF THE ALGORITHM

Derivation for Q(B
(k)
:,l ):

Gathering the terms in (11) that are related to B(k)
:,l , it can

be expressed as

p(Θ,YΩ)

∝ exp

{
− α

2

∥∥∥∥∥O ∗
(
Y −

L∑
l=1

(
B

(1)
:,l ◦B

(2)
:,l ◦B

(3)
:,l

))∥∥∥∥∥
2

F

− 1

2
B

(k)
:,l

T
ΣkB

(k)
:,l

}
∝ exp

{
− 1

2

(
B

(k)
:,l

T (
ξ

(k)
l + Σk

)
B

(k)
:,l

+ ω
(k)
l B

(k)
:,l +B

(k)
:,l

T
ω

(k)
l

T)}
. (20)

In (20), ξ(k)
l = α·diag

(
O(k)

⊙
h 6=k(B

(h)
:,l ∗B

(h)
:,l )
)
∈ RIk×Ik ,

where O(k) is the mode-k unfolding of the 3-order tensor
O, and

⊙
h6=k(B

(h)
:,l ∗ B

(h)
:,l ) = (B

(3)
:,l ∗ B

(3)
:,l ) � · · · �

(B
(k+1)
:,l ∗B(k+1)

:,l )� (B
(k−1)
:,l ∗B(k−1)

:,l )�· · ·� (B
(1)
:,l ∗B

(1)
:,l ).

Furthermore, ω(k)
l is a 1 × Ik vector and is defined by
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ω
(k)
l = α

{∑
p 6=l diag

(
O(k)

⊙
h6=k(B

(h)
:,l ∗B

(h)
:,p )B

(k)
:,p

T)T
−[(

Y(k) ∗O(k)

) (⊙
h6=kB

(h)
:,l

)]T }
, where Y(k) is the mode-

k unfolding of the 3-order tensor Y , and
⊙

h6=kB
(h)
:,l =

B
(3)
:,l � · · · �B

(k+1)
:,l �B(k−1)

:,l � · · · �B(1)
:,l .

Putting (20) into (13) gives

Q
(
B

(k)
:,l

)
∝ −1

2
exp

{
B

(k)
:,l

T
E
Θ\B(k)

:,l

[
ξ

(k)
l + Σk

]
B

(k)
:,l

+ E
Θ\B(k)

:,l

[
ω

(k)
l

]
B

(k)
:,l +B

(k)
:,l

T
E
Θ\B(k)

:,l

[
ω

(k)
l

T
]}

∝ N
(
−(E

Θ\B(k)
:,l

[
ξ

(k)
l + Σk

]
)−1E

Θ\B(k)
:,l

[
ω

(k)
l

]T
︸ ︷︷ ︸

:=m
(k)
l

,

(E
Θ\B(k)

:,l

[
ξ

(k)
l + Σk

]
)−1︸ ︷︷ ︸

:=Υ
(k)
l

−1

)
. (21)

So for each column of B(k), the variational distribution is
Gaussian. Putting the definition of ξ(k)

l and ω(k)
l into Υ

(k)
l

and m(k)
l , and recognizing that B(h)

:,l

T
B

(h)
:,p = [B(h)TB(h)]l,p

is a scalar, the covariance and mean of Q(B
(k)
:,l ) are given by

(note that while not explicitly stated, all the expectations are
with respect to the variational distributions of Θ\B(k)

:,l ):

Υ
(k)
l

−1
=

(
E [Σk]

+ E [α] diag
(
O(k)

⊙
h6=k

E
[
B

(h)
:,l ∗B

(h)
:,l

]))−1

m
(k)
l = −Υ

(k)
l

−1
E [α]

{
∑
p 6=l

diag
(
O(k)

⊙
h6=k

E
[
B

(h)
:,l ∗B(h)

:,p

]
· E
[
B(k)

:,p

T
] )

−
[ (
Y(k) ∗O(k)

)
·
(⊙
h6=k

E
[
B

(h)
:,l

] )]}
, (22)

where
⊙
h6=k

E
[
B

(h)
:,l

]
= E

[
B

(3)
:,l

]
� · · · � E

[
B

(k+1)
:,l

]
�

E
[
B

(k−1)
:,l

]
� · · · � E

[
B

(1)
:,l

]
and

⊙
h6=kE

[
B

(h)
:,l ∗B

(h)
:,l

]
=

E
[
B

(3)
:,l ∗B

(3)
:,l

]
� · · · � E

[
B

(k+1)
:,l ∗B(k+1)

:,l

]
�

E
[
B

(k−1)
:,l ∗B(k−1)

:,l

]
� · · · � E

[
B

(1)
:,l ∗B

(1)
:,l

]
.

In order to compute (22), we need the mean of various
columns of B(h), which are simply given by E

[
B

(h)
:,p

]
=

m
(h)
p . For E

[
B

(h)
:,l ∗B

(h)
:,p

]
, it is recognized that this is the

expectation of elementwise product of B(h)
:,l and B(h)

:,p . This

gives E
[
B

(h)
:,l ∗B

(h)
:,p

]
= m

(h)
l ∗m

(h)
p , if l 6= p. Furthermore,

E
[
B

(h)
:,l ∗B

(h)
:,l

]
= m

(h)
l ∗ m(h)

l + diag(Υ
(h)
l

−1
), where

diag(.) takes the diagonal of the matrix and put it as a vector.
Putting these results into (22), we obtain (15).
Derivation for Q(Σk):

Gathering the terms in (11) that are related to Σk, (11) can
be expressed as

p(Θ,YΩ) ∝ exp

{
L

2
ln |Σk| −

1

2

L∑
l=1

B
(k)
:,l

T
ΣkB

(k)
:,l

+
vk − Ik − 1

2
ln |Σk| −

1

2
Tr
(
Ψ−1
k Σk

)}
= exp

{
vk + L− Ik − 1

2
ln |Σk|

− 1

2
Tr
((

Ψ−1
k +B(k)B(k)T

)
Σk

)}
. (23)

Putting (23) into (13) gives

Q (Σk) ∝ exp

{
vk + L− Ik − 1

2
ln |Σk|

− 1

2
Tr
((

Ψ−1
k + EΘ\Σk

[
B(k)B(k)T

])
Σk

)}
∝Wishart

(
vk + L︸ ︷︷ ︸

:=v̂k

,
(
Ψ−1
k + EΘ\Σk

[
B(k)B(k)T

])−1

︸ ︷︷ ︸
:=Ψ̂k

)
.

(24)

Thus, the variational distribution Q(Σk) is the Wishart
distribution

Q(Σk) ∝Wishart(v̂k, Ψ̂k), (25)

where v̂k and Ψ̂k are updated by

v̂k = vk + L

Ψ̂k =
(
Ψ−1
k + EΘ\Σk

[
B(k)B(k)T

])−1

. (26)

For the expectation EΘ\Σk

[
B(k)B(k)T

]
, it is obtained from

Q(B
(k)
:,l ) and can be shown to be equal to M (k)

(
M (k)

)T
+∑L

l=1 Υ
(k)
l

−1
, with M (k) =

[
m

(k)
1 ,m

(k)
2 , ...,m

(k)
L

]
.

Derivation for Q(α):
Gathering the terms in (11) that are related to α, it can be

expressed as

p(Θ,YΩ)

∝ exp

{
− α

2

∥∥∥∥∥O ∗ (Y −
L∑
l=1

(
B

(1)
:,l ◦B

(2)
:,l ◦B

(3)
:,l

))∥∥∥∥∥
2

F

+

∑
i1i2i3

Oi1i2i3
2

lnα+ (c− 1) lnα− dα
}

= exp

{(
c+

∑
i1i2i3

Oi1i2i3
2︸ ︷︷ ︸

:=c′

−1

)
lnα

−
(
d+

1

2

∥∥∥∥∥O ∗ (Y −
L∑
l=1

(
B

(1)
:,l ◦B

(2)
:,l ◦B

(3)
:,l

))∥∥∥∥∥
2

F︸ ︷︷ ︸
:=d′

)
α

}
.

(27)

Putting (27) into (13) gives

Q (α) ∝ exp
{(

EΘ\α [c′]− 1
)

lnα− EΘ\α [d′]α
}
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∝ Gamma
(
EΘ\α

[
c
′
]

︸ ︷︷ ︸
:=ĉ

,EΘ\α

[
d
′
]

︸ ︷︷ ︸
:=d̂

)
. (28)

From (28), we obtain that the variational distribution Q(α) is
Gamma distribution with parameters updated by

ĉ = c+

∑
i1i2i3

Oi1i2i3
2

,

d̂ = d+
1

2
EΘ\α

∥∥∥∥∥O ∗ (Y −
L∑
l=1

(
B

(1)
:,l ◦B

(2)
:,l ◦B

(3)
:,l

))∥∥∥∥∥
2

F

 .
(29)

In (29), the expectation of model residuals can be computed
using the definition of CPD (the expectation is with respect
to Θ\α, but this dependence is not explicitly stated in the
expressions below to simplify the notations):

E
[∥∥∥O ∗ (Y − L∑

l=1

(
B

(1)
:,l ◦B

(2)
:,l ◦B

(3)
:,l

))∥∥∥2

F

]
= E

[
Tr
{((

B(1)(B(3) �B(2))T − Y(1)

)
∗O(1)

)
·
(
O(1)

T ∗
(
(B(3) �B(2))B(1)T − (Y(1))

T
))}]

= Tr
{

(Y(1) ∗O(1))(O(1) ∗ Y(1))
T
}

− 2Tr
{

(Y(1) ∗O(1))
((

E
[
B(3)

]
� E

[
B(2)

])
E
[
B(1)

]T )}
+ Tr

{
E
[ ((

B(1)
(
B(3) �B(2)

)T) ∗O(1)

)
·
(
O(1)

T ∗
((
B(3) �B(2)

)
B(1)T

)) ]}
,

(30)

where the last euqation is due to the conditional independence
of B(k) in variational distribution. Expressing B(k) in terms
of its columns, we can further show that (30) is given by

Tr
{

(Y(1) ∗O(1))(O(1) ∗ Y(1))
T
}

− 2Tr
{

(Y(1) ∗O(1))
((

E
[
B(3)

]
� E

[
B(2)

])
E
[
B(1)

]T )}
+ Tr

{ L∑
l=1

L∑
p=1

T (l,p) ∗ E
[
B

(1)
:,l B

(1)
:,p

T
]}

. (31)

where T (l,p) ∈ RI1×I1 , and [T (l,p)]i,j = ([O(1)]i,: ∗ [O(1)]j,:) ·⊙
h6=1E

[
B

(h)
:,l ∗B

(h)
:,p

]
.

Due to Tr

{
T (l,p) ∗ E

[
B

(1)
:,l B

(1)
:,p

T
]}

=
∑I1
i=1

(
[O(1)]i,: ·⊙

h6=1E
[
B

(h)
:,l ∗B

(h)
:,p

] )
E
[
B

(1)
i,l B

(1)
i,p

]
= E

[
B

(1)
:,l ∗B

(1)
:,p

]T
· O(1) ·

⊙
h6=1E

[
B

(h)
:,l ∗B

(h)
:,p

]
, we further have

E

∥∥∥∥∥O ∗ (Y −
L∑
l=1

(
B

(1)
:,l ◦B

(2)
:,l ◦B

(3)
:,l

))∥∥∥∥∥
2

F


= Tr

{
(Y(1) ∗O(1))(O(1) ∗ Y(1))

T
}

−2Tr
{

(Y(1) ∗O(1))
((

E
[
B(3)

]
� E

[
B(2)

])
E
[
B(1)

]T )}

+
{ L∑
l=1

L∑
p=1

E
[
B

(1)
:,l ∗B(1)

:,p

]T
O(1)

⊙
h6=1

E
[
B

(h)
:,l ∗B(h)

:,p

]}
.

(32)

Finally, with the expression of E
[
B

(h)
:,l ∗B

(h)
:,p

]
derived below

(22), (32) is identical to (19).

APPENDIX B
EFFICIENT ALGORITHM UNDER FULLY OBSERVED TENSOR

Expression for Q(B
(k)
:,l ):

Notice that the square matrix
diag

(
O(k)

⊙
h6=kE

[
B

(h)
:,l ∗B

(h)
:,l

])
in (22) is a

diagonal matrix and the ith diagonal element is
[O(k)]i,:

⊙
h 6=kE

[
B

(h)
:,l ∗B

(h)
:,l

]
, i = 1, ..., Ik. In this

expression, since the dependence of i only appears in O,
if all the elements of O are one, the diagonal elements do
not depend on i, and they all are the same and is given by∏
h6=k E

[
B

(h)
:,l

T
B

(h)
:,l

]
=

∏
h6=k E

[
B(h)TB(h)

]
l,l

. Further-

more, for the vector O(k)

⊙
h6=kE

[
B

(h)
:,l ∗B

(h)
:,p

]
∈ RIk×1

in (22), when the elements of O are all one, all the
elements of this vector are the same and is given by∏
h6=k E

[
B(h)TB(h)

]
l,p

. Therefore, under fully observed Y ,
(22) could be simplified as

Υ
(k)
l

−1
=

(
E [Σk] + E [α]

(∏
h6=k

E
[
B(h)TB(h)

]
l,l

)
IIk

)−1

m
(k)
l =−Υ

(k)
l

−1
E [α]

{∑
p 6=l

(∏
h6=k

E
[
B(h)TB(h)

]
l,p

)

· E
[
B(k)

:,p

]
−

Y(k)

⊙
h 6=k

E
[
B

(h)
:,l

]},
(33)

where
⊙
h 6=k

E
[
B

(h)
:,l

]
= E

[
B

(3)
:,l

]
� · · · � E

[
B

(k+1)
:,l

]
�

E
[
B

(k−1)
:,l

]
� · · · � E

[
B

(1)
:,l

]
.

In order to compute (33), we already have E
[
B

(h)
:,p

]
=

m
(h)
p . Similarly, we also need the elements of the matrix:

E
[
B(h)TB(h)

]
l,p

. We could derive that E
[
B(h)TB(h)

]
l,p

=

E
[
B

(h)
:,l

T
B

(h)
:,p

]
= m

(h)
l

T
m

(h)
p , if l 6= p. Furthermore,

E
[
B(h)TB(h)

]
l,l

= m
(h)
l

T
m

(h)
l +Tr(Υ

(h)
l

−1
). Putting these

results into (33), we obtain

Υ
(k)
l

−1
=

(
E [Σk] + E [α]

·
∏
h6=k

(
m

(h)
l

T
m

(h)
l + Tr(Υ

(h)
l

−1
)
)
IIk

)−1

m
(k)
l =−Υ

(k)
l

−1
E [α]

{∑
p 6=l

(∏
h6=k

(m
(h)
l

T
m(h)
p )
)
·m(k)

p
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−

Y(k)

⊙
h 6=k

m
(h)
l

}, (34)

Expression for Q(α):
Under fully observed Y , i.e., {Oi1i2i3 = 1}I1,I2,I3i1=1,i2=1,i3=1,

the expression
∑
i1i2i3

Oi1i2i3 in (29) equals I1I2I3. Further-

more, the scalar E
[
B

(1)
:,l ∗B

(1)
:,p

]T
O(1)

⊙
h6=1E

[
B

(h)
:,l ∗B

(h)
:,p

]
in (32) with elements of O(1) being all one could be sim-
plified as

∏3
k=1 E

[
B(h)TB(h)

]
l,p

. Therefore, (29) could be
simplified as

ĉ = c+
I1I2I3

2
,

d̂ = d+
1

2
E

∥∥∥∥∥Y −
L∑
l=1

(
B

(1)
:,l ◦B

(2)
:,l ◦B

(3)
:,l

)∥∥∥∥∥
2

F

 (35)

with

E

∥∥∥∥∥Y −
L∑
l=1

(
B

(1)
:,l ◦B

(2)
:,l ◦B

(3)
:,l

)∥∥∥∥∥
2

F


= Tr

{
Y(1)(Y(1))

T
}
− 2Tr

{
Y(1)

(
E
[
B(3)

]
� E

[
B(2)

])
· E
[
B(1)

]T }
+ 1L×1

T
{

~
k=1,2,3

E
[
B(k)TB(k)

]}
1L×1,

(36)

where ~ is the Hadamard product among all the

matrices
{
E
[
B(k)TB(k)

]}3

k=1
. It is not difficult to

obtain the results that E
[
B(k)TB(k)

]
= M (k)TM (k) +

Diag
(

Tr(Υ
(k)
1

−1
),Tr(Υ

(k)
2

−1
), ...Tr(Υ

(k)
L

−1
)
)

, where

M (k) =
[
m

(k)
1 ,m

(k)
2 , ...,m

(k)
L

]
. Putting these results into

(36), we obtain

E

∥∥∥∥∥Y −
L∑
l=1

(
B

(1)
:,l ◦B

(2)
:,l ◦B

(3)
:,l

)∥∥∥∥∥
2

F


= Tr

{
Y(1)(Y(1))

T
}
− 2Tr

{
Y(1)

(
M (3) �M (2)

)
·M (1)T

}
+ 1L×1

T

{
~

k=1,2,3

[
M (k)TM (k)

+ Diag
(

Tr(Υ
(k)
1

−1
),Tr(Υ

(k)
2

−1
), ...Tr(Υ

(k)
L

−1
)
)]}

1L×1.

(37)

This gives the ĉ and d̂ in fully observed tensor case as

ĉ = c+
I1I2I3

2
,

d̂ = d+
1

2
Tr
{
Y(1)(Y(1))

T
}
− Tr

{
Y(1)

(
M (3) �M (2)

)
·M (1)T

}
+

1

2
· 1L×1

T

{
~

k=1,2,3

[
M (k)TM (k)

+ Diag
(

Tr(Υ
(k)
1

−1
),Tr(Υ

(k)
2

−1
), ...Tr(Υ

(k)
L

−1
)
)]}

1L×1.

(38)

Summary and Complexity analysis

Under fully observed Y , the Algorithm 1 is modified by
replacing (15) with (34), and (19) with (38). In this case, the
computational complexity of the factor matrices {B(k)}3k=1,
the hyperparameters {Σ(k)}3k=1, and the noise precision α are
O
(∑3

k=1 Ik
3 +

∏3
k=1 Ik

)
, O
(∑3

k=1 Ik
3
)

and O
(∏3

k=1 Ik
)
,

respectively. Thus the overall computational complexity is
O
(∑3

k=1 Ik
3 +

∏3
k=1 Ik

)
.
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