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Sequential Monte Carlo algorithms

m Bayesian filtering
{X) € R, Y\ € R} e Hidden Markov Chain

9 (Yk%k) [ Frph—1 (kX6 —1)P(Xp—1[yo:5—1)dXk -1
p(Yklyor-1)

p(Xklyor)=

® |n practice : Sequential Monte Carlo

Propagate a set {x{,, wi}Y , of weighted samples via
sequential importance sampling

pXx|yo.r) < discrete approximation px|yo.x) = ZJ 1wk5 j
’ Xk
Ok = [ f(xp)pti|yodxy « Of = Zj-vzlwif(xk)

Page 3/15



The generic particle filter

m Sequential importance sampling
Sampling : sample X% ~ q(xx|x}_1,Yox)

C g ; o Tepe—1 (REIxE Dok (yrlXE) N
Weighting :  set w! cw? —h kol ko NVt =1,
g g k k-1 q(X;|x5_1,Yo0:k) Zl:l k

P
0" = Zizl wj%f(xi) 4
Resampling : sample x, ~ ijlwiéii, set wi =1/N

O =Tk & (%)
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m The (optional) multinomial resampling step

o fights against weight degeneracy
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The generic particle filter

m Sequential importance sampling

Sampling : sample X}, ~ q(xg[x}_1, yor)
g i i e (XX )ak (YelX},) N
. 1 V] Y]
Weighting : set wj, ocwy,_ TR yon) > i—wy =1,

P
0" = Zizl wj%f(xi) 4
Resampling : sample x, ~ ijlwiéii, set wi =1/N

O =Tk & (%)

m The (optional) multinomial resampling step
o fights against weight degeneracy
« no local benefits : var(©57R) > var(6579)
but impacts subsequent performances (Cappé et al. 2005)

e many variants (residual, stratified...)
(Douc et al. 2005, Li et al. 2015)
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Two observations

m Sequential importance sampling

Sampling : sample X} ~ q(xk\x};l_l,ly():k) _
Jrpe—1 (X x5 )gk (YelX3,) N
— : wt = ]_’
q(x;g|x}2717y0:k) Z k

Weighting :  set wi ocw? Al

Resampling :  sample xi ~ Z;V:lwi&ii, set wi = 1/N
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Two observations

m Sequential importance sampling

Sampling : sample X} ~ g(xx|x% 1, youx)

Trpp—1 (XE x5 Dar (yeIXE)

Weighting :  set w! ocw' kT
ghting N R AT

N
s D wp=1,

Resampling : sample x} ~ 3" wld_;, set wj, = 1/N
k

; i i N i
® . Given {x}_,,wj,_,};=;, each xj, is drawn from

2 = Z/ P micag ) KIS

=17 460 T Zm PREHRE

where  pi(x) = wj_; fije—1 (XX} _1)gx(yk[%),

¢i(x) = q(x[x},_1, Yo:r);
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Two observations

m Sequential importance sampling

Sampling : sample X} ~ q(xk\x}'{__l,_y():k) _
Jrpe—1 (X x5 )gk (YelX3,) N
i LD k=1
q(x;g|x}2717y0:k) Z 1k

Weighting :  set wi ocw?

Resampling : sample x} ~ 3" wld_;, set wj, = 1/N
k

; i i N i
® . Given {x}_,,wj,_,};=;, each xj, is drawn from

(j(X) = Z/ ;D,(X) p](x]) qu X] 1...Xj

=17 460 T Zm PREHRE

where  pi(x) = wj_, frje—1 (X[x}_)gr(yrlx),
qi(x) = q(x[x},_1, yo:r);

« {x{}N, are independent given {x! l,w,C ON L and (XN
{xi}N | are dependent given {x} |, wi }N only.
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Independent resampling

Z/ pi(x) - pi (%) Hq] x)d x!

ey Zﬁéz we) i

where  p;(x) = w}_; fir—1(x[x}_ ;) gr (yx|x),
qi(x) = q(x|x},_1, Youk);

® Modify resampling step, s.t. resampled particles are drawn
i.i.d. from ¢7

® How to sample i.i.d. from ¢7

m Potential benefits ?
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PF with ind. resampling - optimal CID

z/ pi(x) - pi (%) Hq] x)d x!

4i(x) ZHEZ q;(x j J#

where  p;(x) = wj_y fir—1(x[x}_1)gr (yr|x),
¢i(x) = q(x|x},_1, Yo:x);
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Z/ pi(x) - pi (%) Hq] x)d x!

4i(x) ZHEZ q;(x j J#

where  p;(x) = wj_y fir—1(x[x}_1)gr (yr|x),
¢i(x) = q(x|x},_1, Yo:x);

= Optimal CID : g¢;(xx) = p(xk|x},_, ¥i), wi, xwj_p(¥E[|X}_;)
G reduces to mixture pdf G(x;) = SN | wip(xk|xi |, vk)
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PF with ind. resampling - optimal CID

Z/ pi(x) - pi (%) Hq] x)d x!

4i(x) ZHEZ q;(x j J#

where  p;(x) = wj_y fir—1(x[x}_1)gr (yr|x),
(%) = (x|} _y, Youk);
= Optimal CID : g;(xk) =p(xk|X},_y1, ¥k), wj, ocwj,_yp(yr[x;_1)
G reduces to mixture pdf G(x;) = SN | wip(xk|xi |, vk)

® i.i.d. sampling from a mixture Zle,ipZ( ) is simple and fast
Weighting :  set wkocwk 1p(yk|xk 1) va wi=1
Resampling :  sample Xj,_; ~ Z L wpd, J

-1

Sampling : sample x}, ~ q(xk|xk_1,y0‘k)
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PF with ind. resampling - optimal CID

Z/ pi(x) = pi(x/) Hq] (x)d x!

4i(x) Zﬁfl q;(x j J#

where  p;(x) = wj_y fir—1(x[x}_1)gr (yr|x),
(%) = (x|} _y, Youk);
= Optimal CID : ¢;(xx) =p(x[x,_y, Y&), w}, 0w _1p(YE[X}_1)
G reduces to mixture pdf G(x;) = SN | wip(xk|xi |, vk)

® i.i.d. sampling from a mixture Zle,;pZ( ) is simple and fast
Weighting :  set wkocwk 1p(yk|xk 1) va wi=1
Resampling :  sample Xj,_; ~ Z] LW J

-1

Sampling : sample x}, ~ q(xk|x,€_1,y0‘k)

® Fully-adapted APF (Pitt & Shephard 1999)
outperforms optimal SIR (Cappé et al. 2005, Petetin et al.
2013)
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PF with ind. resampling - general case

z/ pi(x) - pi (%) Hq] x)d x!

ey Zﬁéz we) i

where  p;(x) = w}_; fir—1(x[x}_ ;) gr (yx|x),
qi(x) = q(x|x},_1, Youk);

® p(xg|x,_1,yk) nor p(yx|xi_,) computable in most models
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PF with ind. resampling - general case

Z/ pi(x) - pi (%) Hq] x)d x!

ey Zﬁéz we) i

where  p;(x) = w}_; fir—1(x[x}_ ;) gr (yx|x),
qi(x) = q(x|x},_1, Youk);

® p(xp|xt_.,yk) nor p(yi|xi_,) computable in most models
p k—1 k—1

® G is still a mixture, but components cannot be computed
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PF with ind. resampling - general case

Z/W R N P

p
ey Z?'élqj 5 i

where  p;(x) = w}_; fir—1(x[x}_ ;) gr (yx|x),
qi(x) = q(x|x},_1, Youk);

® p(xg|x,_1,yk) nor p(yx|xi_,) computable in most models
® G is still a mixture, but components cannot be computed

m PF with independent resampling : forall 1 <i,j < M

« Sampling : sample X,/ ~ q(xk|x%_ 1, yox)
fk\k—l(i;cj”x’;c—l)gk(y}c‘i;’])
q(%7 x5 _1,yok)

« Weighting : set )’ oc wi ,x
Mg _

Dimwy =1 } ML ‘

¢ Resampling : sample xj, ~ >~,", w7 0,15, set w), = 1/M
k
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Example with M = 8 : we obtain 8 particles drawn i.i.d. according

to gs

VMYV RVRRX®

VX X X X X X X
X X QX X X X X
XXX XXXX®
X X X XE® X X X
X X® X X X X X
X®X X X X X X
X X X X X X ® X
X X® X X X X X

— N N < 0 o0

ST SIS S S S S N
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Independent resampling : discussion

® Post-resampling PF estimators with dependent samples @k
(with independent samples ©y) : ©4/0) = % Zfil f(x},)

E(©;) = E(6y),

_ . N-1 N
var(Qf) = var(©y) + & var Z wy, f(X},)
i=1
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Independent resampling : discussion

® Post-resampling PF estimators with dependent samples @k
(with independent samples ©y) : ©4/0) = % Zfil f(x},)

E(©;) = E(6y),

N
Var(@)k) = Var(ék) + N- 1V&1“ (Z wif(%))
i=1

N

® No support degeneracy : better particle diversity for the next
iteration

= M? Sampling and weighting steps : higher computational cost
than the classical PF if M = N.
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Independent resampling : discussion

® Post-resampling PF estimators with dependent samples ék
(with independent samples ©y) : ©4/0) = % Zfil f(x},)

E(©;) = E(6y),

_ . N-1 N
var(Qf) = var(Og) + N Z wy, f(X,)
i=1

® No support degeneracy : better particle diversity for the next
iteration

= M? Sampling and weighting steps : higher computational cost
than the classical PF if M = N.
However
e Resampling is not necessarily needed at each iteration
* Independent resampling can be parallelized
o In some cases, performs better even when M2 + M = 2N
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Connection with existing works

= Island particle filtering (Vergé et al. 2015) :

» Divides a set of N particles into N7 islands of Ny particles
each

» Resampling at the island level can reduce the bias introduced
by this division

o Parallelizable

o Resampling still produces dependent draws

® The Nested SMC algorithm (Naesseth et al. 2015, Jaoua et
al. 2013) :

» Empirical approximation of optimal conditional importance
distribution and predictive likelihood, then use of an FA-APF
algorithm

» Can generate duplicate particles since ¢°P* is discrete
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Simulations : Polar target tracking model

® Non-linear target tracking with range-bearing measurements

m Cartesian coordinates xj, = [pm,k,ﬁx,kapy,kapy,k]T

xp = Fpxpq1+ug
2 2
Do tD
Vi = ok » U vy,
arctan ==

X0,U1, - U, Vo, -+ Vi ind., up~N(04,Q), v ~N(02,R),

2
% 0) T=1
(¥ %)

m RMSE of the estimators averaged over Nyic = 100 MC runs

o o 2 Y,
AL, o o
&

Il

Qo

Il

)

@N}
o o[l
oL o ©
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Independent resampling : M = N

M = N = 500 particles; UQ:\/E, op,=1and ngﬁ; 5 islands

1000 T
——1IS i.d. Resampling, estimator before resampling
IS i.d. Resampling, estimator after resampling
Island PF, estimator before resampling
A Island PF, estimator after resampling
——1IS i.i.d. Resampling, estimator before resampling
A IS ii.d. Resampling, estimator after resampling
100 ¢
o0
=2
=
Z
=
4
10
A
1 1 1 1 1 1 1 1 1 1

0 10 20 30 40 50 60 70 80 90 100
Time step
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Independent resampling : M? + M = 2N

oQ = V10, o, =10.05and 0y = ﬁ
PF: N=(M?+4 M)/2; IPF : 5x[(M?+M)/10]; Ind. PF : M.

12 T T T T

T T
Classical PF
= = =Island PF, 5 islands
---------- Independent resampling PF ||

10

0 ! ! ! ! ! ! !

20 40 60 80 100 120 140
M (number of particles of independent resampling)
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Conclusions

m \We propose an independent resampling scheme for particle
filtering that produces conditionally independent draws from
the same distribution as that induced by multinomial
resampling
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Conclusions

m \We propose an independent resampling scheme for particle
filtering that produces conditionally independent draws from
the same distribution as that induced by multinomial
resampling

® The algorithm is parallelizable and ensures better particle
diversity

m |t yields better performance than a classical (dependent) PF at
even lower sampling cost in informative measurement scenarios
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