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Sequential Monte Carlo algorithms
� Bayesian �ltering
{Xk ∈ IRp,Yk ∈ IRq}k∈IN Hidden Markov Chain
p(xk|y0:k)=

gk(yk|xk)
∫
fk|k−1(xk|xk−1)p(xk−1|y0:k−1)dxk−1

p(yk|y0:k−1)

� In pra
ti
e : Sequential Monte CarloPropagate a set {xi
0:k, w

i
k}Ni=1 of weighted samples viasequential importan
e sampling

p(xk|y0:k)← dis
rete approximation p̂(xk|y0:k) =
∑N

j=1w
j
kδxj

k

Θk =
∫
f(xk)p(xk|y0:k)dxk ← Θ̂k =

∑N
j=1w

j
kf(x

j
k)Page 3/15



The generi
 parti
le �lter
� Sequential importan
e samplingSampling : sample x̃i

k ∼ q(xk|xi
k−1,y0:k)Weighting : set wi

k∝wi
k−1

fk|k−1(x̃
i
k
|xi

k−1
)gk(yk |x̃

i
k
)

q(x̃i
k
|xi

k−1
,y0:k)

, ∑N
i=1w

i
k=1,

Θ̂SIS
k =

∑N
i=1 w

i
kf(x̃

i
k)Resampling : sample xi

k ∼
∑N

j=1w
j
kδx̃j

k

, set wi
k = 1/N

Θ̂SIR
k =

∑N
i=1

1
N
f(xi

k)

� The (optional) multinomial resampling step
• �ghts against weight degenera
y
• no lo
al bene�ts : var(Θ̂SIR

k ) ≥ var(Θ̂SIS
k )but impa
ts subsequent performan
es (Cappé et al. 2005)

• many variants (residual, strati�ed...)(Dou
 et al. 2005, Li et al. 2015)Page 4/15
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Two observations
� Sequential importan
e samplingSampling : sample x̃i

k ∼ q(xk|xi
k−1,y0:k)Weighting : set wi

k∝wi
k−1

fk|k−1(x̃
i
k
|xi

k−1
)gk(yk |x̃

i
k
)

q(x̃i
k
|xi

k−1
,y0:k)

, ∑N
i=1w

i
k=1,Resampling : sample xi

k ∼
∑N

j=1w
j
kδx̃j

k

, set wi
k = 1/N

� • Given {xi
k−1, w

i
k−1}Ni=1, ea
h xi

k is drawn from
q̃(x) =

N∑

i=1

∫
pi(x)

pi(x)
qi(x)

+
∑

j 6=i

pj(xj)
qj(xj)

∏

j 6=i

qj(x
j)dx1 · · ·xjwhere pi(x) = wi

k−1fk|k−1(x|xi
k−1)gk(yk|x),

qi(x) = q(x|xi
k−1,y0:k);

• {xi
k}Ni=1 are independent given {xi

k−1, w
i
k−1}Ni=1 and {x̃i

k}Ni=1 ;
{xi

k}Ni=1 are dependent given {xi
k−1, w

i
k−1}Ni=1 only.Page 5/15
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Independent resampling
q̃(x) =

N∑

i=1

∫
pi(x)

pi(x)
qi(x)

+
∑

j 6=i
pj(xj)
qj(xj)

∏

j 6=i

qj(x
j)dx1 · · ·xjwhere pi(x) = wi

k−1fk|k−1(x|xi
k−1)gk(yk|x),

qi(x) = q(x|xi
k−1,y0:k);

� Modify resampling step, s.t. resampled parti
les are drawni.i.d. from q̃ ?
� How to sample i.i.d. from q̃ ?
� Potential bene�ts ?Page 6/15



PF with ind. resampling - optimal CID
q̃(x) =

N∑

i=1

∫
pi(x)

pi(x)
qi(x)

+
∑

j 6=i
pj(xj)
qj(xj)

∏

j 6=i

qj(x
j)dx1 · · ·xjwhere pi(x) = wi

k−1fk|k−1(x|xi
k−1)gk(yk|x),

qi(x) = q(x|xi
k−1,y0:k);

� Optimal CID : qi(xk)=p(xk|xi
k−1,yk), wi

k∝wi
k−1p(yk|xi

k−1)

q̃ redu
es to mixture pdf q̃(xk) =
∑N

i=1w
i
kp(xk|xi

k−1,yk)

� i.i.d. sampling from a mixture ∑N
i=1 w

i
kpi(x) is simple and fastWeighting : set wi

k∝wi
k−1p(yk|xi

k−1), ∑N
i=1w

i
k=1Resampling : sample x̃i

k−1 ∼
∑N

j=1w
j
kδxj

k−1Sampling : sample xi
k ∼ q(xk|x̃i

k−1,y0:k)

� Fully-adapted APF (Pitt & Shephard 1999)outperforms optimal SIR (Cappé et al. 2005, Petetin et al.2013)Page 7/15
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PF with ind. resampling - general 
ase
q̃(x) =

N∑

i=1

∫
pi(x)

pi(x)
qi(x)

+
∑

j 6=i
pj(xj)
qj(xj)

∏

j 6=i

qj(x
j)dx1 · · ·xjwhere pi(x) = wi

k−1fk|k−1(x|xi
k−1)gk(yk|x),

qi(x) = q(x|xi
k−1,y0:k);

� p(xk|xi
k−1,yk) nor p(yk|xi

k−1) 
omputable in most models
� q̃ is still a mixture, but 
omponents 
annot be 
omputed
� PF with independent resampling : for all 1 ≤ i, j ≤M

• Sampling : sample x̃
i,j
k ∼ q(xk|xi

k−1,y0:k)

• Weighting : set wi,j
k ∝ wi

k−1×
fk|k−1(x̃

i,j

k
|xi

k−1
)gk(yk|x̃

i,j

k
)

q(x̃i,j

k
|xi

k−1
,y0:k)

,
∑M

i=1 w
i,j
k = 1

• Resampling : sample x
j
k ∼

∑M

l=1 w
l,j
k δ

x̃
l,j

k

, set wj
k = 1/MPage 8/15
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PF with independent resamplingExample with M = 8 : we obtain 8 parti
les drawn i.i.d. a

ordingto q̃8

Page 9/15



Independent resampling : dis
ussion
� Post-resampling PF estimators with dependent samples Θ̂k(with independent samples Θ̃k) : Θ̂k/Θ̃k = 1

N

∑N
i=1 f(x

i
k)

E(Θ̂k) = E(Θ̃k),
var(Θ̂k) = var(Θ̃k) +

N − 1

N
var

(
N∑

i=1

wi
kf(x̃

i
k)

)

� No support degenera
y : better parti
le diversity for the nextiteration
� M2 Sampling and weighting steps : higher 
omputational 
ostthan the 
lassi
al PF if M = N .However

• Resampling is not ne
essarily needed at ea
h iteration
• Independent resampling 
an be parallelized
• In some 
ases, performs better even when M2 +M = 2NPage 10/15
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i
k)

E(Θ̂k) = E(Θ̃k),
var(Θ̂k) = var(Θ̃k) +

N − 1

N
var

(
N∑

i=1

wi
kf(x̃

i
k)

)

� No support degenera
y : better parti
le diversity for the nextiteration
� M2 Sampling and weighting steps : higher 
omputational 
ostthan the 
lassi
al PF if M = N .However

• Resampling is not ne
essarily needed at ea
h iteration
• Independent resampling 
an be parallelized
• In some 
ases, performs better even when M2 +M = 2NPage 10/15



Conne
tion with existing works
� Island parti
le �ltering (Vergé et al. 2015) :

• Divides a set of N parti
les into N1 islands of N2 parti
lesea
h
• Resampling at the island level 
an redu
e the bias introdu
edby this division
• Parallelizable
• Resampling still produ
es dependent draws

� The Nested SMC algorithm (Naesseth et al. 2015, Jaoua etal. 2013) :
• Empiri
al approximation of optimal 
onditional importan
edistribution and predi
tive likelihood, then use of an FA-APFalgorithm
• Can generate dupli
ate parti
les sin
e q̂opt is dis
retePage 11/15



Simulations : Polar target tra
king model
� Non-linear target tra
king with range-bearing measurements
� Cartesian 
oordinates xk = [px,k, ṗx,k, py,k, ṗy,k]

T

xk = Fkxk−1 + uk

yk =

(√
p2x,k + p2y,k

arctan
py,k
px,k

)
+ vk

x0,u1,· · · ,uk,v0,· · · ,vk ind., uk∼N (04,Q),vk∼N (02,R),
Q = σ2

Q




τ3

3
τ2

2 0 0
τ2

2 τ 0 0

0 0 τ3

3
τ2

2

0 0 τ2

2 τ


 ,R =

(
σ2
ρ 0

0 σ2
θ

)
, τ = 1.

� RMSE of the estimators averaged over NMC = 100 MC runsPage 12/15



Independent resampling : M = N

M = N = 500 parti
les ; σQ=
√
10, σρ=1 and σθ=

π
180 ; 5 islands

Time step

R
M
S
E
(l
og
)

1009080706050403020100
1

10

100

1000
IS i.d. Resampling, estimator before resampling
IS i.d. Resampling, estimator after resampling
Island PF, estimator before resampling
Island PF, estimator after resampling
IS i.i.d. Resampling, estimator before resampling
IS i.i.d. Resampling, estimator after resampling
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Independent resampling : M2 +M = 2N

σQ =
√
10, σρ = 0.05 and σθ =

π
3600PF : N=(M2 +M)/2 ; IPF : 5×[(M2+M)/10] ; Ind. PF : M .

M (number of particles of independent resampling)

R
M
S
E

20 40 60 80 100 120 140
0

2

4

6

8

10

12
Classical PF

Island PF, 5 islands

Independent resampling PF
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Con
lusions
� We propose an independent resampling s
heme for parti
le�ltering that produ
es 
onditionally independent draws fromthe same distribution as that indu
ed by multinomialresampling
� The algorithm is parallelizable and ensures better parti
lediversity
� It yields better performan
e than a 
lassi
al (dependent) PF ateven lower sampling 
ost in informative measurement s
enarios
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