IN-NETWORK LINEAR REGRESSION
WITH ARBITRARILY SPLIT
DATA MATRICES

Proposed algorithm

Constraint separation

Network The network is characterized by each agent i’s

20 × 40 matrix A, an ℓ1-norm regularizer, and ϵ = 0.01.

How can the agents verify the inequality ∥Aw − b∥ ≤ ϵ without actually forming A or b?
To answer this question, we provide the following result:

Data Each agent i knows the summands Ai and bi.
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real numbers: s1 ≠ 0, s2 ≠ 0, γ > 0, and λ ∈ (0, 2).
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Initialization Each agent i chooses, for each j in Ni, two
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vectors, y1,ij,0 ∈ Rq and y2,ij,0 ∈ Rp .

C ON
FI

INO

DO

Proposition Let g be a real convex function defined everywhere on a vector space V . Let
v1, . . . , vm be vectors in V and ϵ be a real number. A sufficient and necessary condition
for the inequality
g(v1 + · · · + vm) ≤ ϵ

In brief

to hold is that for all positive real numbers p1, . . . , pm that sum to 1, there exist vectors
∆v1, . . . , ∆vm in V that sum to zero such that

STEP 1 COMMUNICATE

This question generalizes previously studied
data-splitting scenarios, which require that
the data be partitioned among the agents.

To answer this question, we present a new
constraint separation result, which allows us
to include the regression problem in a class
of network-structured problems. By using the
Douglas-Rachford algorithm, we propose a
method for solving these problems.

j

i

g(

Convergence

q

a function r : R → R ∪ {+∞}, solving the problem
minq r (w)
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∥s1wi − 2y1,ij,n+ 1 + y1,ij,n∥ + ∥s2∆vij + y2,ji,n∥

j∈Ni

2

Data matrices are usually partitioned as in (a), (b), or (c);
however, splitting the data as in (d) is also plausible.

Proposition Suppose that the following conditions hold:

■ each agent communicates only with its neighbors,

b = b1 + · · · + bm .

■ no agent shares its part of the data, and
■ all the agents agree on a solution.

In many studies, the data is partitioned among the agents.
Our work allows for a more arbitrary kind of data splitting

Result We develop a fully distributed algorithm for linear

[see the figure on the right].

regression with data divided into summands.

Take-home message

X
j∈Ni

Definition An algorithm for solving a problem with data

know A and b collectively, as sums,

min

■ The network is connected.

x∈RN

■ r is a closed proper convex function.
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We call these problems network-structured problems.

Then, provided that a solution to the problem exists, the

Proximal splitting When a network-structured problem is

sequence wi,0, wi,1, . . . converges to a solution for every i.

solved by treating the sums one at a time while maintaining

ϵ
≤
m

and assign the minimizers to wi,n and (∆vij,n)j∈Ni .
STEP 3 UPDATE

the result is an approach by which each agent i can solve

Development

for (xij )j∈Ni by communicating only with its neighbors and

Variables To each pair {i, j} of neighboring agents, we
assign two vectors xij and xji. We stack these variables to
N

obtain a vector x in R .
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needing no other functions than its own.
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Iteration (n)
Our algorithm’s convergence behavior for ℓ1 minimization.
Convergence can be slow (a), but adding an ℓ2 term can
accelerate it (b), and even more so with scaling (c).

A proximal splitting method can be used for this purpose.
In this work, we use the Douglas-Rachford algorithm with a

Conclusion

preconditioning strategy in which the variables are scaled.
This scaling strategy can accelerate convergence.

Fitting a linear model with data divided into summands
among networked agents is possible. We have developed

For each j in Ni, compute
y1,ij,n+1 = y1,ij,n + λ(s1wi,n − y1,ij,n+ 1 ) and
2


1
y2,ij,n+1 = y2,ij,n + λ s2∆vij,n − (y2,ij,n − y2,ji,n) .
2

ϵ = 0.01

the separability of minimizing a sum of independent terms,

subject to
Aiwi − bi +

divided among networked agents is fully distributed when

100

w for which ∥Aw − b∥ < ϵ if ϵ ≠ 0, and Aw = b if ϵ = 0.

of vectors in Rp that minimize

s.t. ∥Aw − b∥ ≤ ϵ.

and

When ϵ = 0, for a small θ > 0, we can add θ∥w∥2 to ∥w∥1

Problems Let E denote the set of all neighboring pairs of

■ The relative interior of r ’s effective domain contains a

■ Find the vector wi in Rq along with the family (∆vij )j∈Ni

X

Novelty While all the agents know m, r , and ϵ, they only

A = A1 + · · · + Am

centrally [see the red plot below].

agents. We consider problems of the form

1
−1
γr (s1 y1,ij ) + y1,ij − (y1,ij,n + y1,ji,n)
2

Objective To have m networked agents linearly regress a
norm of ϵ and to have them regularize the solution through

+ ∆vm)) ≤ ϵ.

between agent 1’s approximation and a solution computed

before, but with ϵ = 0 and θ = 0.17 [see the black plots].

■ Find, for each j in Ni, the vector y1,ij in Rq minimizing
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initializations are to zero. We observe the relative error

from each neighbor j.

STEP 2 OPTIMIZE



(b)

...,

zeros. We fix s1 = s2 = 1, γ = 0.02, and λ = 1.9. All other

With scaling, we set s1 = 2/3 and s2 = 0.5.

Our approach is an effective strategy for fully
distributed linear regression.

(a)

+ ∆v1)) ≤ ϵ,

−1
pm (vm

many agents know the entry. Unknown entries appear as

without affecting the solution. We run the algorithm as

2

vector b in Rp on a matrix A in Rp×q within a residual ℓ2-

−1
p1 (v1

known to agent i appears in Ai or bi as itself divided by how

Receive two vectors, y1,ji,n and y2,ji,n,

and assign the solution to y1,ij,n+ 1 .

Introduction

of b that each agent knows correspond to the rows of A
of which the agent knows at least one entry. Every entry

Main loop At iteration n = 0, 1, . . . , each agent i repeats:

This study addresses the question of how
networked agents can collaboratively fit a
Morozov-regularized linear model when each
agent knows a summand of the regression
data.

We split A as in (d) in the figure on the left. The entries

Relative error

IN

ℓ1 minimization We consider a network of six agents, a

set of neighbors, Ni.
Parameters All the agents know the same four arbitrary

D OM

Simulations

Key result

Functions To each agent i, we assign a function f1,i of
 
xij
(xij )j∈Ni , and for each j in Ni, a function f2,ij of xji ,
 
 
xij
xji
where f2,ij xji = f2,ji xij .

Constraint separation To express the regression problem

a strategy based on the Douglas-Rachford algorithm with

as a network-structured problem, it is necessary to divide

scaling and have illustrated how scaling can significantly

the inequality constraint [see the box above].

accelerate the convergence rate for ℓ1 minimization.

Having the data partitioned among the agents, as required by previously proposed methods, is not a requirement for developing a fully distributed algorithm for in-network linear regression.

