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Problem statement

Goal: Recover the parameters of overlapping echoes (delays and pulse shape) from ultra-
low power multi-channel measurements

Overlapping pulse streams with a shared delay pattern 
and varying amplitudes

<latexit sha1_base64="UHMxkTAoNy9X+oa5SXdyAigSHME="></latexit>

hm(t) =
dX

l=1

�l,mg(t� ⌧l), m = 1, . . . ,M

<latexit sha1_base64="/+GVJpNLgBuHfJxqchuAjxCkObI=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJJIUZdFNy4r2Ac0IUymk3bozCTMTIQSAm78FTcuFHHrT7jzb5ymWWjrgQuHc+6dO/eECaNKO863tbS8srq2Xtmobm5t7+zae/sdFacSkzaOWSx7IVKEUUHammpGeokkiIeMdMPxzdTvPhCpaCzu9SQhPkdDQSOKkTZSYB9mXvFIFrKU5N4QcY6CzD1z8zywa07dKQAXiVuSGijRCuwvbxDjlBOhMUNK9V0n0X6GpKaYkbzqpYokCI/RkPQNFYgT5WfF+hyeGGUAo1iaEhoW6u+JDHGlJjw0nRzpkZr3puJ/Xj/V0ZWfUZGkmgg8WxSlDOoYTgOBAyoJ1mxiCMKSmr9CPEISYW1iq5oQ3PmTF0nnvO5e1Bt3jVrzuoyjAo7AMTgFLrgETXALWqANMHgEz+AVvFlP1ov1bn3MWpescuYA/IH1+QN82pgP</latexit>�1,1

<latexit sha1_base64="p5UjLZrnfWQQXI+2ci3RuBcIFD4=">AAACBXicbVC7TsMwFHV4lvIKMMJg0SIxVFVSIWCsxMJYJPqQmihyXLe1ajuR7SBVURYWfoWFAYRY+Qc2/gY3zQAtR7rS0Tn3+vqeMGZUacf5tlZW19Y3Nktb5e2d3b19++Cwo6JEYtLGEYtkL0SKMCpIW1PNSC+WBPGQkW44uZn53QciFY3EvZ7GxOdoJOiQYqSNFNgn1dTLX0lDlpDMGyHOUZC6tUaWVQO74tSdHHCZuAWpgAKtwP7yBhFOOBEaM6RU33Vi7adIaooZycpeokiM8ASNSN9QgThRfprvz+CZUQZwGElTQsNc/T2RIq7UlIemkyM9VoveTPzP6yd6eO2nVMSJJgLPFw0TBnUEZ5HAAZUEazY1BGFJzV8hHiOJsDbBlU0I7uLJy6TTqLuX9Yu7RqVZK+IogWNwCs6BC65AE9yCFmgDDB7BM3gFb9aT9WK9Wx/z1hWrmDkCf2B9/gA84ZhU</latexit>�1,2

<latexit sha1_base64="Mf6lWwdaOsaQJy2za9pfUfR5iMs=">AAACBXicbVC7TsMwFHXKq5RXgBGGiBaJoaqSgoCxEgtjkehDaqLIcZ3Wqu1EtoNURVlY+BUWBhBi5R/Y+BvcNAO0HOlKR+fc6+t7gpgSqWz72yitrK6tb5Q3K1vbO7t75v5BV0aJQLiDIhqJfgAlpoTjjiKK4n4sMGQBxb1gcjPzew9YSBLxezWNscfgiJOQIKi05JvHtdTNX0kDmuDMHUHGoJ869fMsq/lm1W7YOaxl4hSkCgq0ffPLHUYoYZgrRKGUA8eOlZdCoQiiOKu4icQxRBM4wgNNOWRYemm+P7NOtTK0wkjo4srK1d8TKWRSTlmgOxlUY7nozcT/vEGiwmsvJTxOFOZovihMqKUiaxaJNSQCI0WnmkAkiP6rhcZQQKR0cBUdgrN48jLpNhvOZePirllt1Ys4yuAInIAz4IAr0AK3oA06AIFH8AxewZvxZLwY78bHvLVkFDOH4A+Mzx8+aJhV</latexit>�1,3

<latexit sha1_base64="YXr7G5KuVnaQpP7GJz+zjHNGEDk=">AAACBXicbVC7TsMwFHV4lvIKMMJg0SIxVFVSIWCsxMJYJPqQmihyXLe1ajuR7SBVURYWfoWFAYRY+Qc2/gY3zQAtR7rS0Tn3+vqeMGZUacf5tlZW19Y3Nktb5e2d3b19++Cwo6JEYtLGEYtkL0SKMCpIW1PNSC+WBPGQkW44uZn53QciFY3EvZ7GxOdoJOiQYqSNFNgn1dTLX0lDlpDMGyHOUZA2am6WVQO74tSdHHCZuAWpgAKtwP7yBhFOOBEaM6RU33Vi7adIaooZycpeokiM8ASNSN9QgThRfprvz+CZUQZwGElTQsNc/T2RIq7UlIemkyM9VoveTPzP6yd6eO2nVMSJJgLPFw0TBnUEZ5HAAZUEazY1BGFJzV8hHiOJsDbBlU0I7uLJy6TTqLuX9Yu7RqVZK+IogWNwCs6BC65AE9yCFmgDDB7BM3gFb9aT9WK9Wx/z1hWrmDkCf2B9/gA845hU</latexit>�2,1

<latexit sha1_base64="kT+lZERSsDYMbrE+V9ktIQv0pKI=">AAACBXicbVDLSsNAFJ34rPUVdamLwVZwUUoSRF0W3LisYB/QhDCZTtqhM0mYmQglZOPGX3HjQhG3/oM7/8ZpmoW2HrhwOOfeuXNPkDAqlWV9Gyura+sbm5Wt6vbO7t6+eXDYlXEqMOngmMWiHyBJGI1IR1HFSD8RBPGAkV4wuZn5vQciJI2jezVNiMfRKKIhxUhpyTdP6plbvJIFLCW5O0KcIz9zGk6e132zZjWtAnCZ2CWpgRJt3/xyhzFOOYkUZkjKgW0lysuQUBQzklfdVJIE4QkakYGmEeJEelmxP4dnWhnCMBa6IgUL9fdEhriUUx7oTo7UWC56M/E/b5Cq8NrLaJSkikR4vihMGVQxnEUCh1QQrNhUE4QF1X+FeIwEwkoHV9Uh2IsnL5Ou07Qvmxd3Tq3VKOOogGNwCs6BDa5AC9yCNugADB7BM3gFb8aT8WK8Gx/z1hWjnDkCf2B8/gA+aphV</latexit>�2,2

<latexit sha1_base64="1KOu2bmK0DdTushmQI0npagQEJ8=">AAACBXicbVC7TsMwFHXKq5RXgBGGiBaJoaqSgoCxEgtjkehDaqLIcZ3Wqu1EtoNURVlY+BUWBhBi5R/Y+BvcNAO0HOlKR+fc6+t7gpgSqWz72yitrK6tb5Q3K1vbO7t75v5BV0aJQLiDIhqJfgAlpoTjjiKK4n4sMGQBxb1gcjPzew9YSBLxezWNscfgiJOQIKi05JvHtdTNX0kDmuDMHUHGoJ+e150sq/lm1W7YOaxl4hSkCgq0ffPLHUYoYZgrRKGUA8eOlZdCoQiiOKu4icQxRBM4wgNNOWRYemm+P7NOtTK0wkjo4srK1d8TKWRSTlmgOxlUY7nozcT/vEGiwmsvJTxOFOZovihMqKUiaxaJNSQCI0WnmkAkiP6rhcZQQKR0cBUdgrN48jLpNhvOZePirllt1Ys4yuAInIAz4IAr0AK3oA06AIFH8AxewZvxZLwY78bHvLVkFDOH4A+Mzx8+bJhV</latexit>�3,1

<latexit sha1_base64="yrfmacJ4L+J2TA6Qqa53/8oWp6M=">AAACBXicbVC7TsMwFHXKq5RXgBGGiBaJoaqSgoCxEgtjkehDaqLIcZ3Wqu1EtoNURVlY+BUWBhBi5R/Y+BvcNAO0HOlKR+fc6+t7gpgSqWz72yitrK6tb5Q3K1vbO7t75v5BV0aJQLiDIhqJfgAlpoTjjiKK4n4sMGQBxb1gcjPzew9YSBLxezWNscfgiJOQIKi05JvHtdTNX0kDmuDMHUHGoJ+e15tZVvPNqt2wc1jLxClIFRRo++aXO4xQwjBXiEIpB44dKy+FQhFEcVZxE4ljiCZwhAeacsiw9NJ8f2adamVohZHQxZWVq78nUsiknLJAdzKoxnLRm4n/eYNEhddeSnicKMzRfFGYUEtF1iwSa0gERopONYFIEP1XC42hgEjp4Co6BGfx5GXSbTacy8bFXbPaqhdxlMEROAFnwAFXoAVuQRt0AAKP4Bm8gjfjyXgx3o2PeWvJKGYOwR8Ynz8/85hW</latexit>�3,2

<latexit sha1_base64="N6pcbrhNVoEx8ZVczzDK/mTzWcA=">AAACBXicbVC7TsMwFHV4lvIKMMIQ0SIxVFXSImCsxMJYJPqQmihyXKe1ajuR7SBVURYWfoWFAYRY+Qc2/gY3zQAtR7rS0Tn3+vqeIKZEKtv+NlZW19Y3Nktb5e2d3b198+CwK6NEINxBEY1EP4ASU8JxRxFFcT8WGLKA4l4wuZn5vQcsJIn4vZrG2GNwxElIEFRa8s2Taurmr6QBTXDmjiBj0E+btWaWVX2zYtftHNYycQpSAQXavvnlDiOUMMwVolDKgWPHykuhUARRnJXdROIYogkc4YGmHDIsvTTfn1lnWhlaYSR0cWXl6u+JFDIppyzQnQyqsVz0ZuJ/3iBR4bWXEh4nCnM0XxQm1FKRNYvEGhKBkaJTTSASRP/VQmMoIFI6uLIOwVk8eZl0G3Xnsn5x16i0akUcJXAMTsE5cMAVaIFb0AYdgMAjeAav4M14Ml6Md+Nj3rpiFDNH4A+Mzx9BephX</latexit>�3,3

<latexit sha1_base64="uBwGp7LkMy73Hk0YuMqm24NdfcA=">AAACBXicbVC7TsMwFHXKq5RXgBGGiBaJoaqSgoCxEgtjkehDaqLIcZ3Wqu1EtoNURVlY+BUWBhBi5R/Y+BvcNAO0HOlKR+fc6+t7gpgSqWz72yitrK6tb5Q3K1vbO7t75v5BV0aJQLiDIhqJfgAlpoTjjiKK4n4sMGQBxb1gcjPzew9YSBLxezWNscfgiJOQIKi05JvHtdTNX0kDmuDMHUHGoJ826+dZVvPNqt2wc1jLxClIFRRo++aXO4xQwjBXiEIpB44dKy+FQhFEcVZxE4ljiCZwhAeacsiw9NJ8f2adamVohZHQxZWVq78nUsiknLJAdzKoxnLRm4n/eYNEhddeSnicKMzRfFGYUEtF1iwSa0gERopONYFIEP1XC42hgEjp4Co6BGfx5GXSbTacy8bFXbPaqhdxlMEROAFnwAFXoAVuQRt0AAKP4Bm8gjfjyXgx3o2PeWvJKGYOwR8Ynz8/8ZhW</latexit>�2,3

<latexit sha1_base64="k0CjZ5UjFXXmcCJLcLU5x+otrpM=">AAACHnicbVDLSgNBEJz1bXxFPXoZTAIeJOzG51Hw4jGCUSEblt5JJxkys7vMzAph2S/x4q948aCI4En/xskDUWNBQ1HVPT1dYSK4Nq776czMzs0vLC4tF1ZW19Y3iptb1zpOFcMGi0WsbkPQKHiEDcONwNtEIchQ4E3YPx/6N3eoNI+jKzNIsCWhG/EOZ2CsFBSPKuXMHz2ThSLF3O+ClBBktf2DPC8Xvk2F7dw3kAZeTmk5KJbcqjsCnSbehJTIBPWg+O63Y5ZKjAwToHXTcxPTykAZzgTmBT/VmADrQxeblkYgUbey0eqcVqzSpp1Y2YoMHak/JzKQWg9kaDslmJ7+6w3F/7xmajqnrYxHSWowYuNFnVRQE9NhVrTNFTIjBpYAU9z+lbIeKGDGJlqwIXh/T54m17Wqd1w9vKyVztxJHEtkh+ySPeKRE3JGLkidNAgj9+SRPJMX58F5cl6dt3HrjDOZ2Sa/4Hx8AVD3oec=</latexit>⌧1 <latexit sha1_base64="Ps+t9j3M3V6eMylNEby5MX30D0I=">AAACH3icbVDLSsNAFJ34rPVVdelmsBVcSEmqVJcFNy4r2Ac0JdxMb9uhM0mYmQgl5E/c+CtuXCgi7vo3pg9EqwcuHM65d+7c40eCa2PbE2tldW19YzO3ld/e2d3bLxwcNnUYK4YNFopQtX3QKHiADcONwHakEKQvsOWPbqZ+6wGV5mFwb8YRdiUMAt7nDEwmeYXqaSlxZ88kvogxdQcgJXhJ5fwiTUv5b1NhL3UNxF4lpbSU9wpFu2zPQP8SZ0GKZIG6V/h0eyGLJQaGCdC649iR6SagDGcC07wba4yAjWCAnYwGIFF3k9nulJ5mSo/2Q5VVYOhM/TmRgNR6LP2sU4IZ6mVvKv7ndWLTv+4mPIhigwGbL+rHgpqQTsOiPa6QGTHOCDDFs79SNgQFzGSRTkNwlk/+S5qVslMtX95VijV7EUeOHJMTckYcckVq5JbUSYMw8kieySt5s56sF+vd+pi3rliLmSPyC9bkC5pIofw=</latexit>⌧2
<latexit sha1_base64="D/nsMWn+23MZHZ1iJbjbKqpoPQE=">AAACH3icbVBNS8NAEN34bfyqevSy2BY8SElaqR4FLx4VrC00JUy203ZxNwm7G6GE/BMv/hUvHhQRb/4b0xpEWx8MPN6b2dl5QSy4No7zaS0sLi2vrK6t2xubW9s7pd29Wx0limGLRSJSnQA0Ch5iy3AjsBMrBBkIbAd3FxO/fY9K8yi8MeMYexKGIR9wBiaX/FKzWkm96TNpIBLMvCFICX5aP25kWcX+MRX2M89A4jcySiu2Xyo7NWcKOk/cgpRJgSu/9OH1I5ZIDA0ToHXXdWLTS0EZzgRmtpdojIHdwRC7OQ1Bou6l090ZreZKnw4ilVdo6FT9PZGC1Hosg7xTghnpWW8i/ud1EzM466U8jBODIfteNEgENRGdhEX7XCEzYpwTYIrnf6VsBAqYySOdhODOnjxPbus1t1k7ua6Xz50ijjVyQA7JEXHJKTknl+SKtAgjD+SJvJBX69F6tt6s9+/WBauY2Sd/YH1+AZvRof0=</latexit>⌧3

<latexit sha1_base64="IS7j0nJRdyabEUR0poPjrSWTAsA="></latexit>

h1(t)

<latexit sha1_base64="ucv107fBOSg21nG2IcHxgxsFysc="></latexit>

h2(t)

<latexit sha1_base64="CEFt+NDvegXQ2yJAKZw8DZslC1Y="></latexit>

h3(t)

DelaysGain of l-th pulse at 
m-th sensor Pulse 

shape
= Total number of pulses
= Total number of sensors/snapshots/channels

<latexit sha1_base64="8HrFfAeUvAUuDQLyXiMoVMAnEz4="></latexit>

g(t)

<latexit sha1_base64="QgvpF1hayyeN3qe2KhXpumeLKq0=">AAACJ3icbVDLSgMxFM34dnxVXboJtoILKTOtqCsR3LgRKlgVOmW4k97WYDIzJBmhDPM3bvwVN4KK6NI/MX2AzwMJh3Puvbk5USq4Np737kxMTk3PzM7NuwuLS8srpdW1C51kimGTJSJRVxFoFDzGpuFG4FWqEGQk8DK6OR74l7eoNE/ic9NPsS2hF/MuZ2CsFJYOtyp5MByTRyLDIuiBlBDmtZ16UVTcL1dhpwgMZGG9oLTiVuipvd2wVPaq3hD0L/HHpEzGaISlp6CTsExibJgArVu+l5p2DspwJrBwg0xjCuwGetiyNAaJup0PVyjollU6tJsoe2JDh+r3jhyk1n0Z2UoJ5lr/9gbif14rM92Dds7jNDMYs9FD3UxQk9BBaLTDFTIj+pYAU9zuStk1KGDGRjsIwf/95b/kolb196q7Z7XykTeOY45skE2yTXyyT47ICWmQJmHkjjyQZ/Li3DuPzqvzNiqdcMY96+QHnI9P+kejWw==</latexit>

M

<latexit sha1_base64="AU5o3motDo6ncatiwdpuvLIBQpU=">AAACJ3icbVDLSgMxFM34dnxVXboJtoILKTNV1JUU3LisYFXolOFO5rYGk5khyQhlmL9x46+4EVREl/6JaS34PJBwOOfem5sTZYJr43lvzsTk1PTM7Ny8u7C4tLxSWV0712muGLZZKlJ1GYFGwRNsG24EXmYKQUYCL6Lr46F/cYNK8zQ5M4MMuxL6Ce9xBsZKYeVoq1YEozFFJHIsgz5ICWHR2Nkty5r75SqMy8BAHu6WlNbcGo3t7YaVqlf3RqB/iT8mVTJGK6w8BnHKcomJYQK07vheZroFKMOZwNINco0ZsGvoY8fSBCTqbjFaoaRbVolpL1X2JIaO1O8dBUitBzKylRLMlf7tDcX/vE5ueofdgidZbjBhnw/1ckFNSoeh0ZgrZEYMLAGmuN2VsitQwIyNdhiC//vLf8l5o+7v1/dOG9WmN45jjmyQTbJNfHJAmuSEtEibMHJL7skTeXbunAfnxXn9LJ1wxj3r5Aec9w8djqNy</latexit>

d
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Motivation 

1. Decomposing the EMG 
signal. Recovering the 
locations of the impulses and 
shape of MUAP. 

2. Limited power supply in wearable 
EMG devices           low power ADC

Electromyography (EMG) Application 

Example of wearable
EMG skin tattoo  [1]

Firing 
Impulse 
train

Motor unit 
action potential 
(MUAP) shape 

Signal with constant 
separation and 
attenuating amplitudes 
received at three different 
sensors (snapshots)

[1] S. Chandra et al, IEEE. Trans. Biomed. Eng, 2020
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Data Model 

= Fourier 
Transform 

=

𝑃𝑢𝑙𝑠𝑒 𝑠ℎ𝑎𝑝𝑒 𝑉𝑎𝑛𝑑𝑒𝑟𝑚𝑜𝑛𝑑𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝐴𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 𝑚𝑎𝑡𝑟𝑖𝑥

Since

Fourier measurements

<latexit sha1_base64="9E6nHGaqvhyElMG3wfIzBA3tUoM=">AAACDXicbVDLSsNAFJ3UV42vqEs3g63gqiRF1I1QdNEuK9gHNKFMppN26EwSZiZCCf0BN/6KGxeKuHXvzr9x0kbQ1gMDZ865l3vv8WNGpbLtL6Owsrq2vlHcNLe2d3b3rP2DtowSgUkLRywSXR9JwmhIWooqRrqxIIj7jHT88U3md+6JkDQK79QkJh5Hw5AGFCOlpb5VLpsuR2rkB2ljCq/gz6cO29CtI87R1Cz3rZJdsWeAy8TJSQnkaPatT3cQ4YSTUGGGpOw5dqy8FAlFMSNT000kiREeoyHpaRoiTqSXzq6ZwhOtDGAQCf1CBWfq744UcSkn3NeV2bJy0cvE/7xeooJLL6VhnCgS4vmgIGFQRTCLBg6oIFixiSYIC6p3hXiEBMJKB2jqEJzFk5dJu1pxzitnt9VS7TqPowiOwDE4BQ64ADXQAE3QAhg8gCfwAl6NR+PZeDPe56UFI+85BH9gfHwDazeZ4w==</latexit>

H = GV�

<latexit sha1_base64="5lowm5s8xd5+CBheWTfxxRT/fHY="></latexit>

hm(t) 2 [0, T ),!0 = 2⇡
T

<latexit sha1_base64="ZqgVSWT/23LtJUMDAPiShCEirVc="></latexit>

H

<latexit sha1_base64="naqFR041MFYLoOSCM9Yi9EeeshE="></latexit>

G
<latexit sha1_base64="PC/bKSZ4OssC0idQw2XHvd/AbsI="></latexit>

V
<latexit sha1_base64="X45aYdsWcO8rYxaESUaWml8VPlQ="></latexit>

�
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PCC (Pairwise Constant Condition) : Pairs of consecutive Fourier samples are identical

Special Assumption on Pulse Shape

Strictly PCC

<latexit sha1_base64="u5U10TMVQgD0wOP+B7b+wa67SMw="></latexit>

G((2k � 1)!0) = G(2k!0), k = 1, 2, . . . ,K

<latexit sha1_base64="xBFCJsfsIqxer7dmhdPJlbuD4Z8=">AAAB7HicbVBNS8NAEJ3Urxq/qh69BFvBU0mKqMeiF48VTC20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqu0XW/rdLa+sbmVnnb3tnd2z+oHB61dZIpynyaiER1QqKZ4JL5yFGwTqoYiUPBHsPx7cx/fGJK80Q+4CRlQUyGkkecEjSSX7PRrvUrVbfuzuGsEq8gVSjQ6le+eoOEZjGTSAXRuuu5KQY5UcipYFO7l2mWEjomQ9Y1VJKY6SCfHzt1zowycKJEmZLozNXfEzmJtZ7EoemMCY70sjcT//O6GUbXQc5lmiGTdLEoyoSDiTP73BlwxSiKiSGEKm5udeiIKELR5GObELzll1dJu1H3LusX941q86aIowwncArn4MEVNOEOWuADBQ7P8ApvlrRerHfrY9FasoqZY/gD6/MHA0GNgw==</latexit>

t

<latexit sha1_base64="E9I1NbuD9loAjbjLXrFm5cJJgAY=">AAAB73icbVDLTgJBEOzFF64v1KOXiWCCF7JLjHokevGIiTwS2JDZYRYmzD6c6TUhhJ/w4kFjvPo73vwbB9iDgpV0UqnqTneXn0ih0XG+rdza+sbmVn7b3tnd2z8oHB41dZwqxhsslrFq+1RzKSLeQIGStxPFaehL3vJHtzO/9cSVFnH0gOOEeyEdRCIQjKKR2iV7UMZzu9QrFJ2KMwdZJW5GipCh3it8dfsxS0MeIZNU647rJOhNqELBJJ/a3VTzhLIRHfCOoRENufYm83un5MwofRLEylSEZK7+npjQUOtx6JvOkOJQL3sz8T+vk2Jw7U1ElKTII7ZYFKSSYExmz5O+UJyhHBtCmRLmVsKGVFGGJiLbhOAuv7xKmtWKe1m5uK8WazdZHHk4gVMogwtXUIM7qEMDGEh4hld4sx6tF+vd+li05qxs5hj+wPr8AYztjlk=</latexit>

g(t)
<latexit sha1_base64="9Rq99LrloK4gGGv/TbdEMhFzbKU="></latexit>

G(k!0)

<latexit sha1_base64="aT9p+pgVc2yCBAxQ9Gkz4dZS+GQ="></latexit>

k
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Approximate PCC of Narrow Pulse 

Bernstein’s inequality                                  

Narrow pulse 
in Time domain

Wide pulse in 
Time domain Fast change in 

Frequency domain

Slow change in 
Frequency domain

PCC is approximately satisfied if
g(t) is supported on narrow 

interval of  
à

Narrow pulse in time domain                   Slow change in frequency domain

<latexit sha1_base64="nJc9sDlTzmj9T9HZguo5O5yplzU=">AAACBXicbZBNS8MwGMfT+TbnW9WjHoKboKCjHaIeh148TnEv0JWRZukWlqYlSYVRevHiV/HiQRGvfgdvfhuzrgfd/EPgl//zPCTP34sYlcqyvo3CwuLS8kpxtbS2vrG5ZW7vtGQYC0yaOGSh6HhIEkY5aSqqGOlEgqDAY6Ttja4n9fYDEZKG/F6NI+IGaMCpTzFS2uqZ+xWn6wuEk9O7NKmlJ9NLxseVnlm2qlYmOA92DmWQq9Ezv7r9EMcB4QozJKVjW5FyEyQUxYykpW4sSYTwCA2Io5GjgEg3ybZI4aF2+tAPhT5cwcz9PZGgQMpx4OnOAKmhnK1NzP9qTqz8SzehPIoV4Xj6kB8zqEI4iQT2qSBYsbEGhAXVf4V4iHQOSgdX0iHYsyvPQ6tWtc+rZ7e1cv0qj6MI9sABOAI2uAB1cAMaoAkweATP4BW8GU/Gi/FufExbC0Y+swv+yPj8AT9cl8c=</latexit>

[�R
2 , R

2 )

<latexit sha1_base64="9Rq99LrloK4gGGv/TbdEMhFzbKU="></latexit>

G(k!0)
<latexit sha1_base64="E9I1NbuD9loAjbjLXrFm5cJJgAY=">AAAB73icbVDLTgJBEOzFF64v1KOXiWCCF7JLjHokevGIiTwS2JDZYRYmzD6c6TUhhJ/w4kFjvPo73vwbB9iDgpV0UqnqTneXn0ih0XG+rdza+sbmVn7b3tnd2z8oHB41dZwqxhsslrFq+1RzKSLeQIGStxPFaehL3vJHtzO/9cSVFnH0gOOEeyEdRCIQjKKR2iV7UMZzu9QrFJ2KMwdZJW5GipCh3it8dfsxS0MeIZNU647rJOhNqELBJJ/a3VTzhLIRHfCOoRENufYm83un5MwofRLEylSEZK7+npjQUOtx6JvOkOJQL3sz8T+vk2Jw7U1ElKTII7ZYFKSSYExmz5O+UJyhHBtCmRLmVsKGVFGGJiLbhOAuv7xKmtWKe1m5uK8WazdZHHk4gVMogwtXUIM7qEMDGEh4hld4sx6tF+vd+li05qxs5hj+wPr8AYztjlk=</latexit>

g(t)
<latexit sha1_base64="xBFCJsfsIqxer7dmhdPJlbuD4Z8=">AAAB7HicbVBNS8NAEJ3Urxq/qh69BFvBU0mKqMeiF48VTC20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqu0XW/rdLa+sbmVnnb3tnd2z+oHB61dZIpynyaiER1QqKZ4JL5yFGwTqoYiUPBHsPx7cx/fGJK80Q+4CRlQUyGkkecEjSSX7PRrvUrVbfuzuGsEq8gVSjQ6le+eoOEZjGTSAXRuuu5KQY5UcipYFO7l2mWEjomQ9Y1VJKY6SCfHzt1zowycKJEmZLozNXfEzmJtZ7EoemMCY70sjcT//O6GUbXQc5lmiGTdLEoyoSDiTP73BlwxSiKiSGEKm5udeiIKELR5GObELzll1dJu1H3LusX941q86aIowwncArn4MEVNOEOWuADBQ7P8ApvlrRerHfrY9FasoqZY/gD6/MHA0GNgw==</latexit>

t
<latexit sha1_base64="aT9p+pgVc2yCBAxQ9Gkz4dZS+GQ="></latexit>

k
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Dividing data into subarrays

Subarray X (Even rows) 

Subarray Y (Odd rows)

=

=

=

<latexit sha1_base64="a9tMLFeuw46SF6oiOu3vZv7UbEQ="></latexit>

X

<latexit sha1_base64="cgubvKA5F9vs6P7UrNSVH+34MJE="></latexit>

Y
<latexit sha1_base64="RXF+wWFdcvppglEz/90k4a1OiGI="></latexit>

GY

<latexit sha1_base64="9tXgnzdTDUy5yw5pDSAmYLsfMHU="></latexit>

GX
<latexit sha1_base64="FgXvdZcQMt3zcHAwY0bmpvXHpBw="></latexit>

VX

<latexit sha1_base64="ADGtO2wphZLeAQc17N2RJvwff54="></latexit>

VY

<latexit sha1_base64="ZqgVSWT/23LtJUMDAPiShCEirVc="></latexit>

H
<latexit sha1_base64="naqFR041MFYLoOSCM9Yi9EeeshE="></latexit>

G
<latexit sha1_base64="PC/bKSZ4OssC0idQw2XHvd/AbsI="></latexit>

V

<latexit sha1_base64="X45aYdsWcO8rYxaESUaWml8VPlQ="></latexit>

�

<latexit sha1_base64="X45aYdsWcO8rYxaESUaWml8VPlQ="></latexit>

�

<latexit sha1_base64="X45aYdsWcO8rYxaESUaWml8VPlQ="></latexit>

�
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Consequence of PCC

PCC provides rotation invariance 
of “steering matrices” in subarrays à

Enables reconstruction of   
from     by ESPRIT [2]

[2] Y. Bresler and A.H. Delaney, “Resolution of overlapping echoes of unknown shape,” in ICASSP, 1989

1.) Consequence of PCC condition:

<latexit sha1_base64="JEpm8g2bC8NN3Okm2CtSGnv2vdk="></latexit>

X = GXVX� (1)

Y = GYVY� (2)
<latexit sha1_base64="BONE/+kEidxBRmGVEMxH2OMxF90="></latexit>

GX = GY (1)

=

2.) Vandermonde structure:
<latexit sha1_base64="//GQrcRjM7gR+3eyPUJhjGqw5qY="></latexit>

VY = VX� (1)

=

<latexit sha1_base64="b3VZ4yHr0yFfwD7fQWsOJiktzn4="></latexit>

X = GXVX� (1)

Y = GXVX�� (2)
<latexit sha1_base64="2s476kBCq3V9gFniNe7Qih79s0E="></latexit>

Y = GXVX�� (1)

<latexit sha1_base64="7qATybygesRo55qWwBgsOeL5M6U="></latexit>

�

<latexit sha1_base64="j2WofyCtnXWEO5fXrUOx3uY2CiU="></latexit>

(⌧l)dl=1
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General      
ESPRIT [3]Input Output 

1. Recover                                                                     from 

2. Recover         from 

Our model:

ESPRIT Output Input 

Recovery by ESPRIT 

[3] R. Roy and T. Kailath, “Esprit-estimation of signal parameters via rotational invariance techniques,” IEEE trans. Acoust. speech, and signal process. 1989

<latexit sha1_base64="b3VZ4yHr0yFfwD7fQWsOJiktzn4="></latexit>

X = GXVX� (1)

Y = GXVX�� (2)
<latexit sha1_base64="2s476kBCq3V9gFniNe7Qih79s0E="></latexit>

Y = GXVX�� (1)

<latexit sha1_base64="wQCO7U4eB0/BcXeu2L/zpSin+v4="></latexit>

X = A�
<latexit sha1_base64="6kVwpBZ/6zC1j4h9bwe26dC/T2M="></latexit>

Y = A��
<latexit sha1_base64="+ejWt+nh8JAeNzTg306+CPhnQ6c="></latexit>

�,A

<latexit sha1_base64="I8szU8OuG+ZfP1ehovOqp7CLYJQ="></latexit>

A = GXVX

<latexit sha1_base64="1q0VjM4owFzs1hCn9XF9TEbZYhY="></latexit>

� =

<latexit sha1_base64="jstvorGJYk7ZY8zMhtwUykZlZNo="></latexit>

VX =

<latexit sha1_base64="1dQPVwcXow25e1qIZvlcxUPWjm0="></latexit>

GX
<latexit sha1_base64="I8szU8OuG+ZfP1ehovOqp7CLYJQ="></latexit>

A = GXVX

<latexit sha1_base64="+ejWt+nh8JAeNzTg306+CPhnQ6c="></latexit>

�,A
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Estimation from Minimal Measurements

Previous Approach [2]

Estimate        and           from

from samples of Fourier transform               on fine and wide grid. 
These Fourier samples are obtained from Nyquist-rate samples in the time domain. 
This is power-hungry!

Our Modified goal 

Estimate and                                   from fewer Fourier samples 

Can we obtain                         from fewer observations? 

[2] Y. Bresler and A.H. Delaney, “Resolution of overlapping echoes of unknown shape,” in ICASSP, 1989

<latexit sha1_base64="E9I1NbuD9loAjbjLXrFm5cJJgAY=">AAAB73icbVDLTgJBEOzFF64v1KOXiWCCF7JLjHokevGIiTwS2JDZYRYmzD6c6TUhhJ/w4kFjvPo73vwbB9iDgpV0UqnqTneXn0ih0XG+rdza+sbmVn7b3tnd2z8oHB41dZwqxhsslrFq+1RzKSLeQIGStxPFaehL3vJHtzO/9cSVFnH0gOOEeyEdRCIQjKKR2iV7UMZzu9QrFJ2KMwdZJW5GipCh3it8dfsxS0MeIZNU647rJOhNqELBJJ/a3VTzhLIRHfCOoRENufYm83un5MwofRLEylSEZK7+npjQUOtx6JvOkOJQL3sz8T+vk2Jw7U1ElKTII7ZYFKSSYExmz5O+UJyhHBtCmRLmVsKGVFGGJiLbhOAuv7xKmtWKe1m5uK8WazdZHHk4gVMogwtXUIM7qEMDGEh4hld4sx6tF+vd+li05qxs5hj+wPr8AYztjlk=</latexit>

g(t)
<latexit sha1_base64="j2WofyCtnXWEO5fXrUOx3uY2CiU="></latexit>

(⌧l)dl=1
<latexit sha1_base64="UHMxkTAoNy9X+oa5SXdyAigSHME="></latexit>

hm(t) =
dX

l=1

�l,mg(t� ⌧l), m = 1, . . . ,M,

<latexit sha1_base64="nkcxWElj39FLBdafGK8URzbfIMI="></latexit>

Hm(!)

<latexit sha1_base64="H9U3dCWqaaDAbs6SZ7rIOjJQd1E="></latexit>

Hm (k! 0) for k = 1 , á á áK and m = 1 , á á áM

<latexit sha1_base64="BObnm4Z9FHURCP3V1DOlrI6TReQ="></latexit>

(G(k! 0))K
k=1 , (K > d )

<latexit sha1_base64="j2WofyCtnXWEO5fXrUOx3uY2CiU="></latexit>

(⌧l)dl=1

<latexit sha1_base64="R2map3hGkFqRIhg6HlT0iERFbes="></latexit>

(Hm (k! 0))K
k=1



11

IF-TEM  
(Integrator and 
comparator) [4]Input

Sum-of-sinc
Filter kernel 

Filtered 
input 

Time 
Encoding 
Samples 

[4] A.A. Lazar, and L.T. Tóth. "Perfect recovery and sensitivity analysis of time encoded bandlimited signals." IEEE Trans. Circuits and Systems 2004

Integrate Reset

Acquisition of Fourier measurements from Integrate 
and Fire Time Encoding Machine (IF-TEM) 

Threshold 𝛿

<latexit sha1_base64="hEzl4A1LdFsZvDA8Q3O4zEFtDwM="></latexit>

h(t)

<latexit sha1_base64="hEzl4A1LdFsZvDA8Q3O4zEFtDwM="></latexit>

h(t)

<latexit sha1_base64="zF1F0/mNVBVBXYzLgUQyd4nsoT0="></latexit>

f (t)

<latexit sha1_base64="zF1F0/mNVBVBXYzLgUQyd4nsoT0="></latexit>

f (t)

<latexit sha1_base64="3CtiT9+9t1DjWLS8A1xRYEE+bc4="></latexit>

y(t)

<latexit sha1_base64="3CtiT9+9t1DjWLS8A1xRYEE+bc4="></latexit>

y(t)

<latexit sha1_base64="CQn0KH24uWleUoPxZy6ynmLEl0Y="></latexit>

(tn )N
n =1

<latexit sha1_base64="B/jRJIQIFBKjtlg6+2G9m4L3QAc="></latexit>

t 1
<latexit sha1_base64="s/nn/CNBwbhyxUK7QfD5ZYG5xR4="></latexit>

t 2
<latexit sha1_base64="pqLgD3NBKx9eW7v7MLNTCnFUbhw="></latexit>

t 3
<latexit sha1_base64="nt+eCLXz/ZvFLVEk/xpH5HbR5Mo="></latexit>

t 4
<latexit sha1_base64="GkzKGZSQLPAl0ljuLMA2y72hnls="></latexit>

t 5
<latexit sha1_base64="DpxkiXe+YXtNt5JWTIL3TBwgILY="></latexit>

t 6
<latexit sha1_base64="X5oyErCGoVsFMFyg8DexkEZL3Vk="></latexit>

t 7
<latexit sha1_base64="p/nDin5APOJYKZdLC8ZdFoFIAZM="></latexit>

t 8
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Sum-of-Sinc
filter 

Fourier measurements(       ) are related to the IF-TEM samples (     ) via a linear equation with known matrix   [5]

Original 
Fourier 
series  

Truncated 
Fourier 
series  

[5] S. Rudresh et. al, "A Time-Based Sampling Framework for Finite-Rate-of-Innovation Signals," ICASSP 2020

IF-TEM continued 

IF-TEM  
(Integrator and 
comparator) [4]Input Filtered 

input 

Time 
Encoding 
Samples 

<latexit sha1_base64="hEzl4A1LdFsZvDA8Q3O4zEFtDwM="></latexit>

h(t) <latexit sha1_base64="zF1F0/mNVBVBXYzLgUQyd4nsoT0="></latexit>

f (t)
<latexit sha1_base64="3CtiT9+9t1DjWLS8A1xRYEE+bc4="></latexit>

y(t) <latexit sha1_base64="CQn0KH24uWleUoPxZy6ynmLEl0Y="></latexit>

(tn )N
n =1

<latexit sha1_base64="zF1F0/mNVBVBXYzLgUQyd4nsoT0="></latexit>

f (t)

<latexit sha1_base64="lPV/L/5RZb+tgNA/Phy46/Gen1A="></latexit>

t n

<latexit sha1_base64="lPV/L/5RZb+tgNA/Phy46/Gen1A="></latexit>

t n

<latexit sha1_base64="kIq2TBt+3TcZRr1WXpdyLleuJBc="></latexit>

hm

<latexit sha1_base64="kIq2TBt+3TcZRr1WXpdyLleuJBc="></latexit>

hm
<latexit sha1_base64="xilCBuSvW3b5htDC8kvetysLqbI="></latexit>

B
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Main Result

Theorem
Suppose:

1. Fourier transform of  shape            satisfies PCC condition.

2. Each channel has enough TEM samples                           (where     is number of 
pulses) 

3. Number of channels satisfies                ,

Then: 

the proposed algorithm can recover the,
• delays or pulse locations              up to an inherent global shift within 

• where is the support of the pulse shape. 

• Fourier coefficients of the pulse shape (up to some inherent global ambiguity).

<latexit sha1_base64="MzYjThvl/1aFKs66k8XjycJdTt8="></latexit>

G(! )

<latexit sha1_base64="j2WofyCtnXWEO5fXrUOx3uY2CiU="></latexit>

(⌧l)dl=1

<latexit sha1_base64="1TBGQmJBGPZXTrqD+I3b/AF4x8Y="></latexit>

Nm > 2d + 1
<latexit sha1_base64="AU5o3motDo6ncatiwdpuvLIBQpU=">AAACJ3icbVDLSgMxFM34dnxVXboJtoILKTNV1JUU3LisYFXolOFO5rYGk5khyQhlmL9x46+4EVREl/6JaS34PJBwOOfem5sTZYJr43lvzsTk1PTM7Ny8u7C4tLxSWV0712muGLZZKlJ1GYFGwRNsG24EXmYKQUYCL6Lr46F/cYNK8zQ5M4MMuxL6Ce9xBsZKYeVoq1YEozFFJHIsgz5ICWHR2Nkty5r75SqMy8BAHu6WlNbcGo3t7YaVqlf3RqB/iT8mVTJGK6w8BnHKcomJYQK07vheZroFKMOZwNINco0ZsGvoY8fSBCTqbjFaoaRbVolpL1X2JIaO1O8dBUitBzKylRLMlf7tDcX/vE5ueofdgidZbjBhnw/1ckFNSoeh0ZgrZEYMLAGmuN2VsitQwIyNdhiC//vLf8l5o+7v1/dOG9WmN45jjmyQTbJNfHJAmuSEtEibMHJL7skTeXbunAfnxXn9LJ1wxj3r5Aec9w8djqNy</latexit>

d

<latexit sha1_base64="kJKx2aDxRl9/EY3Iyu6qfUlXOWU="></latexit>

M ! d

<latexit sha1_base64="KElSG8YV8R+Sb2pLWAEg7W/J+bA="></latexit>

[! R/ 2, R/ 2)
<latexit sha1_base64="HMekzDt1jFvdDlmyTHEHP6ZWhSs="></latexit>

R
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!"#$%&'($)&
Noise model: jitter in TEM samples

• Pulse shape: 

• Error metrics:
• Pulse locations: worst case error                 
• Pulse shape: sine of angle between    and
• Median of              Monte Carlo reported. 

Recovery Error with Noisy Measurements

!"#$%&'()
= 3 pulses
= !""""Fourier measurements. 
= #$$ channels 

Experimental Setup and Results 

<latexit sha1_base64="t541uxtIcuGXs37/mBf48+UwmOU="></latexit>

L = 50

<latexit sha1_base64="fnb8rJ89gO8fQvD8HucWPSWobtA="></latexit>

||ö! l ! ! l ||!
<latexit sha1_base64="KH5yFUx88un5rHv22ux7AFSOQrM="></latexit>g

<latexit sha1_base64="8GF+I1xM40tEkjLvxFtsOMLTbB4="></latexit>

ög

<latexit sha1_base64="44MPlWYuRzBJJsJ4Dtbh+0nw8CE="></latexit>

! U[ ! !
2 , !

2 ]

<latexit sha1_base64="bGhuUSfkpaUgeFz1Ipg6zPa8JY4="></latexit>

d
<latexit sha1_base64="IIV6LDnNLKP49A4ZA53fzleqCbE="></latexit>

K
<latexit sha1_base64="RH7GoiuLqhI0HxHSw2xgfrG4keo="></latexit>

M

<latexit sha1_base64="bGhuUSfkpaUgeFz1Ipg6zPa8JY4="></latexit>

d

<latexit sha1_base64="+jW5AKbCrMq/LRdrxclNZERBIsI=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o4mQNHF3ERVECNhYRjAPSNYwO5kkQ2YfzNwVwpLaxl+xsVDE1i+w82+cTVJo4oELZ865l7n3eJHgCizr28gsLa+srmXXcxubW9s75u5eXYWxpKxGQxHKpkcUEzxgNeAgWDOSjPieYA1veJ36jQcmFQ+DOxhFzPVJP+A9TgloqWMeFvpFKOErLBmFomPBSTviJUxDde+kz1KhY+atsjUBXiT2jOTRDNWO+dXuhjT2WQBUEKVathWBmxAJnAo2zrVjxSJCh6TPWpoGxGfKTSanjPGxVrq4F0pdAeCJ+nsiIb5SI9/TnT6BgZr3UvE/rxVD78JNeBDFwAI6/agXCwwhTnPBXZ4mIEaaECq53hXTAZGEgk4vp0Ow509eJHWnbJ+VT2+dfOVyFkcWHaAjVEQ2OkcVdIOqqIYoekTP6BW9GU/Gi/FufExbM8ZsZh/9gfH5A+8Tlzs=</latexit>

g(t) = rect(20t/ ! )cos2(20t)
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Conclusions 

Future Work 

• Theoretical analysis with noise

• Extension to a mixture of multiple unknown pulse shapes 

• Interdisciplinary collaboration to build physical system including sensors, circuits

• Validate this method on actual EMG and EEG data

Contributions

• Proposed algorithm can determine the parameters of overlapping echoes of 
unknown shape from a few TEM samples (under PCC or approximate PCC). 

• Theoretical guarantee in noiseless case

• Empirical success with noise and PCC model error


