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• While effective, conventional deep network architectures are designed 
by trial-and-error and are thus difficult to interpret and improve

Problem statement

Code available at github.com/stwisdom/sista-rnn

• We construct a principled deep recurrent neural network, the SISTA-
RNN, from an existing sequential sparse recovery model 

• The SISTA-RNN has distinct advantages: 
• Trains faster 
• Achieves better performance than conventional deep networks 
• Has interpretable weights

Contribution

• Deep unfolding constructs deep networks from inference algorithms for 
statistical models
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ŷ1 ŷt�1 ŷt ŷT
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• Inference of h minimizes the negative log-likelihood:

Figure 1: Left panel: illustration of conventional black box stacked RNN architecture. Right panel:
illustration of interpretable SISTA-RNN architecture derived from the SISTA in algorithm 1.

Algorithm 1 Sequential iterative soft-thresholding algorithm (SISTA)
Input: observed sequence x1:T , SISTA parameters ✓SISTA from (9), and iterations K
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That is, every element of an observed sequence is xt = Ayt + ut, where A 2 RM⇥N with M < N
is a measurement matrix. ut is Gaussian noise with variance �2 and the signal yt can be represented
using a dictionary D 2 RN⇥N as yt = Dht, where ht is sparse (because of a Laplace prior with
inverse scale ⌫1). We also assume that the signal yt is linearly predictable from yt�1, such that
yt = Fyt�1+vt, where vt is zero-mean Gaussian noise with precision ⌫2 representing the prediction
error. Minimizing the negative log-likelihood of this model solves the following optimization problem,
which corresponds to P used in equation (2):
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with regularization parameters �1 = 2�2⌫1 and �2 = 2�2⌫2. We dub the iterative algorithm for
solving the optimization problem (7) the sequential iterative soft-thresholding algorithm (SISTA),
which is described in algorithm 1 and derived in appendix B. The soft-thresholding function soft is
given by

softb(zn) =
zn
|zn|

max(|zn|� b, 0). (8)

The SISTA parameters are

✓SISTA = {A,D,F,h0,↵,�1,�2}, (9)

consisting of measurement matrix, sparsifying dictionary, linear prediction matrix, initial hidden state
estimate, SISTA inverse step size, sparse regularization parameter, and regularization parameter for
correlation over time.

The right panel of figure 1 illustrates the computational structure of the SISTA algorithm, where the
nonlinearity �b is the soft-thresholding function (8). The following equations describe the mapping
from SISTA parameters to RNN parameters:
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• Iterative soft-thresholding algorithm (ISTA) solves the LASSO

Inference algorithm: iterative soft-thresholding

Unfolded deep network: sequential ISTA RNN (SISTA-RNN)

LASSO Temporal model

for k = 1 : K,

ISTA:
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ŷ1 ŷt�1 ŷt ŷT
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SISTA-RNN Conventional generic RNN stack

Experiment: column-wise compressive sensing of images
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The columns of each image are observed through a M⇥N mea-
surement matrix A with M = 32 for a compression factor of 4, with
values chosen randomly with equal probability from2

±1/(3
p

M).
The observations are these compressed measurements: xt = Ast.
Since we do not expect the columns of natural images to change very
much from column to column, the prediction matrix F is set to an
identity matrix. The dictionary D consists of Daubechies-8 orthog-
onal wavelets with four levels of decomposition.

We use unsupervised sparse algorithms as baselines that test rel-
evant assumptions and compare to prior work. These baselines are
implemented in Matlab. First, we use SISTA as described in algo-
rithm 2 with fixed step size ↵ = 1, �1 = 0.02, and �2 = 0.002. The
regularization parameters are chosen using a random hyperparame-
ter search on training data, which sampled `1, `2 ⇠ U(�3, 1) and set
�1 = 10

`⇤1 and �2 = 10

`⇤2 for the best parameters `⇤1 and `⇤2 in terms
of MSE. As another baseline we use SpaRSA3 [33] for each time
step, denoted as sequential SpaRSA (SSpaRSA). SpaRSA is equiv-
alent to ISTA with an adaptive step size adjustment and a gradual
decrease in �1, which allows convergence in fewer iterations.

Since the SISTA-RNN has a fixed number of layers K (i.e., it-
erations), it is important to test the performance for a fixed K versus
a variable K. As such, for both SISTA and SSpaRSA, we either
use a fixed number of iterations K = 3 or run the algorithms to
convergence, where convergence is defined as the relative objective
function improvement being less than 10

�4. Initialization is also
important. We test oracle and non-oracle versions of the baselines,
where the oracle version sets ˆh0 to the ground-truth coefficients from
the first column of the original image given by D

T
s0. Non-oracle

versions use ˆ

h0 = 0. As a state-of-the-art baseline, we also use the
`1-homotopy algorithm run to convergence as described and imple-
mented4 by Asif and Romberg [10] with oracle initial coefficients
and joint optimization of 3 time steps at once.

As a supervised baseline, we train a generic stacked RNN with
K = 3 as described by (8) and (9) with a soft-thresholding non-
linearity (3). Parameters of this generic RNN are initialized ran-
domly using the suggestion of [34]. For our proposed method, we
train a K = 3 layer unfolded SISTA-RNN. The parameters of the
SISTA-RNN are initialized either randomly [34] or using baseline
non-oracle SISTA with fixed K = 3 (first row of table 1) using the
relationships (11)-(15). Training of all supervised models are imple-
mented in Python using Theano [35]. The training cost function f
is MSE between the outputs ˆ

y1:T and the training references s1:T ,
which is optimized using backpropagation and stochastic gradient
descent with a minibatch size of 50, an initial learning rate of 10�4,
and RMSProp [36] with momentum 0.9 and averaging parameter
0.1 to adapt the learning rate. MSE on the validation set, which is
plotted in figure 2, is used to determine training convergence.

Results are shown in table 1 in terms of use of oracle initializa-
tion, number of iterations K, number of training examples I , MSE
and peak signal-to-noise ratio (PSNR) of the reconstructed signals
across the test set. Notice that compared to both the best-performing
unsupervised baseline, oracle `1-homotopy [10] and the generic su-
pervised RNN baseline, our proposed trained SISTA-RNN achieves
the best objective performance. The trained SISTA-RNN achieves
these results without oracle information and reduced computation

2These values are slightly different from Asif and Romberg [10], who use
±1/

p
M . We use smaller values of ±1/(3

p
M) here so that the norm of

the total measurement matrix AD is less than 1, which means that SISTA
will converge with a fixed step size of ↵ = 1 [24].

3Available from https://www.lx.it.pt/

˜

mtf/SpaRSA/.
4Available from https://github.com/sasif/L1-homotopy.

Algorithm Oracle? # iter. K # tr. I MSE PSNR (dB)

B
as

el
in

es

SISTA No 3 None 4740 12.1
SISTA to convergence No  1825 None 3530 13.4
SSpaRSA to convergence No  420 None 3520 13.4
SISTA Yes 3 None 4160 13.3
SISTA to convergence Yes  694 None 2400 15.0
SSpaRSA to convergence Yes  225 None 2440 15.0
`1-homotopy [10] Yes  314 None 1490 17.1
Generic RNN, rand. init. No 3 24885 720 20.7

Pr
op

os
ed Trained SISTA-RNN, rand. init. No 3 24485 637 21.2

Trained SISTA-RNN, SISTA init. No 3 24485 541 22.2

Table 1. Results for sequential sparse recovery in terms of oracle
initialization, number of iterations K, number of training examples
I , mean-squared error (MSE), and peak signal-to-noise ratio (PSNR)
on the test set.

Fig. 2. Learning curves for supervised methods, showing that the
SISTA-RNN trains faster than the generic RNN.
Reference

Measurements

ℓ1-homotopy

PSNR=17.2dB

Generic RNN

PSNR=21.2dB

SISTA-RNN

PSNR=21.4dB
Reference

Measurements

ℓ1-homotopy

PSNR=13.9dB

Generic RNN

PSNR=18.0dB

SISTA-RNN

PSNR=18.6dB

Fig. 3. Reconstructed images from the test set.

using a smaller number of fixed iterations K = 3. Also, note
from figure 2 that the SISTA-RNN trains substantially faster than
a generic RNN. The SISTA-RNN architecture also performs well
even when initialized randomly, instead of with equivalent SISTA
parameters. In summary, by combining supervised training with net-
work architecture and parameter initializations provided by SISTA,
our proposed trained SISTA-RNN outperforms all baselines and ex-
hibits distinct advantages. Two examples of reconstructed images
are shown in figure 3. All code to replicate our results are available
in the supplementary material [28].

8. CONCLUSION

In this paper, we showed how the sequential iterative soft-thresholding
algorithm (SISTA) for sequential sparse recovery can be viewed as
a stacked recurrent neural network (RNN) with a soft-threholding
nonlinearity and a particular architecture. Training the resulting
SISTA-RNN with backpropagation corresponds to training a gener-
alization of the original SISTA algorithm that is a structured deep
network, which performs automatic tuning of model parameters.
The proposed supervised SISTA-RNN improves performance over
both oracle versions of the original SISTA algorithms and a generic
deep RNN for column-wise compressive recovery of images.
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using a smaller number of fixed iterations K = 3. Also, note
from figure 2 that the SISTA-RNN trains substantially faster than
a generic RNN. The SISTA-RNN architecture also performs well
even when initialized randomly, instead of with equivalent SISTA
parameters. In summary, by combining supervised training with net-
work architecture and parameter initializations provided by SISTA,
our proposed trained SISTA-RNN outperforms all baselines and ex-
hibits distinct advantages. Two examples of reconstructed images
are shown in figure 3. All code to replicate our results are available
in the supplementary material [28].

8. CONCLUSION

In this paper, we showed how the sequential iterative soft-thresholding
algorithm (SISTA) for sequential sparse recovery can be viewed as
a stacked recurrent neural network (RNN) with a soft-threholding
nonlinearity and a particular architecture. Training the resulting
SISTA-RNN with backpropagation corresponds to training a gener-
alization of the original SISTA algorithm that is a structured deep
network, which performs automatic tuning of model parameters.
The proposed supervised SISTA-RNN improves performance over
both oracle versions of the original SISTA algorithms and a generic
deep RNN for column-wise compressive recovery of images.
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• Goal: recover Caltech-256 images from noisy compressed measurements

The columns of each image are observed through a M⇥N mea-
surement matrix A with M = 32 for a compression factor of 4, with
values chosen randomly with equal probability from2

±1/(3
p

M).
The observations are these compressed measurements: xt = Ast.
Since we do not expect the columns of natural images to change very
much from column to column, the prediction matrix F is set to an
identity matrix. The dictionary D consists of Daubechies-8 orthog-
onal wavelets with four levels of decomposition.

We use unsupervised sparse algorithms as baselines that test rel-
evant assumptions and compare to prior work. These baselines are
implemented in Matlab. First, we use SISTA as described in algo-
rithm 2 with fixed step size ↵ = 1, �1 = 0.02, and �2 = 0.002. The
regularization parameters are chosen using a random hyperparame-
ter search on training data, which sampled `1, `2 ⇠ U(�3, 1) and set
�1 = 10

`⇤1 and �2 = 10

`⇤2 for the best parameters `⇤1 and `⇤2 in terms
of MSE. As another baseline we use SpaRSA3 [33] for each time
step, denoted as sequential SpaRSA (SSpaRSA). SpaRSA is equiv-
alent to ISTA with an adaptive step size adjustment and a gradual
decrease in �1, which allows convergence in fewer iterations.

Since the SISTA-RNN has a fixed number of layers K (i.e., it-
erations), it is important to test the performance for a fixed K versus
a variable K. As such, for both SISTA and SSpaRSA, we either
use a fixed number of iterations K = 3 or run the algorithms to
convergence, where convergence is defined as the relative objective
function improvement being less than 10

�4. Initialization is also
important. We test oracle and non-oracle versions of the baselines,
where the oracle version sets ˆh0 to the ground-truth coefficients from
the first column of the original image given by D

T
s0. Non-oracle

versions use ˆ

h0 = 0. As a state-of-the-art baseline, we also use the
`1-homotopy algorithm run to convergence as described and imple-
mented4 by Asif and Romberg [10] with oracle initial coefficients
and joint optimization of 3 time steps at once.

As a supervised baseline, we train a generic stacked RNN with
K = 3 as described by (8) and (9) with a soft-thresholding non-
linearity (3). Parameters of this generic RNN are initialized ran-
domly using the suggestion of [34]. For our proposed method, we
train a K = 3 layer unfolded SISTA-RNN. The parameters of the
SISTA-RNN are initialized either randomly [34] or using baseline
non-oracle SISTA with fixed K = 3 (first row of table 1) using the
relationships (11)-(15). Training of all supervised models are imple-
mented in Python using Theano [35]. The training cost function f
is MSE between the outputs ˆy1:T and the training references s1:T ,
which is optimized using backpropagation and stochastic gradient
descent with a minibatch size of 50, an initial learning rate of 10�4,
and RMSProp [36] with momentum 0.9 and averaging parameter
0.1 to adapt the learning rate. MSE on the validation set, which is
plotted in figure 2, is used to determine training convergence.

Results are shown in table 1 in terms of use of oracle initializa-
tion, number of iterations K, number of training examples I , MSE
and peak signal-to-noise ratio (PSNR) of the reconstructed signals
across the test set. Notice that compared to both the best-performing
unsupervised baseline, oracle `1-homotopy [10] and the generic su-
pervised RNN baseline, our proposed trained SISTA-RNN achieves
the best objective performance. The trained SISTA-RNN achieves
these results without oracle information and reduced computation

2These values are slightly different from Asif and Romberg [10], who use
±1/

p
M . We use smaller values of ±1/(3

p
M) here so that the norm of

the total measurement matrix AD is less than 1, which means that SISTA
will converge with a fixed step size of ↵ = 1 [24].

3Available from https://www.lx.it.pt/

˜

mtf/SpaRSA/.
4Available from https://github.com/sasif/L1-homotopy.

Algorithm Oracle? # iter. K # tr. I MSE PSNR (dB)

B
as

el
in

es

SISTA No 3 None 4740 12.1
SISTA to convergence No  1825 None 3530 13.4
SSpaRSA to convergence No  420 None 3520 13.4
SISTA Yes 3 None 4160 13.3
SISTA to convergence Yes  694 None 2400 15.0
SSpaRSA to convergence Yes  225 None 2440 15.0
`1-homotopy [10] Yes  314 None 1490 17.1
Generic RNN, rand. init. No 3 24885 720 20.7

Pr
op

os
ed Trained SISTA-RNN, rand. init. No 3 24485 637 21.2

Trained SISTA-RNN, SISTA init. No 3 24485 541 22.2

Table 1. Results for sequential sparse recovery in terms of oracle
initialization, number of iterations K, number of training examples
I , mean-squared error (MSE), and peak signal-to-noise ratio (PSNR)
on the test set.
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using a smaller number of fixed iterations K = 3. Also, note
from figure 2 that the SISTA-RNN trains substantially faster than
a generic RNN. The SISTA-RNN architecture also performs well
even when initialized randomly, instead of with equivalent SISTA
parameters. In summary, by combining supervised training with net-
work architecture and parameter initializations provided by SISTA,
our proposed trained SISTA-RNN outperforms all baselines and ex-
hibits distinct advantages. Two examples of reconstructed images
are shown in figure 3. All code to replicate our results are available
in the supplementary material [28].

8. CONCLUSION

In this paper, we showed how the sequential iterative soft-thresholding
algorithm (SISTA) for sequential sparse recovery can be viewed as
a stacked recurrent neural network (RNN) with a soft-threholding
nonlinearity and a particular architecture. Training the resulting
SISTA-RNN with backpropagation corresponds to training a gener-
alization of the original SISTA algorithm that is a structured deep
network, which performs automatic tuning of model parameters.
The proposed supervised SISTA-RNN improves performance over
both oracle versions of the original SISTA algorithms and a generic
deep RNN for column-wise compressive recovery of images.

actually column index, and all sequences are length T = 128. The images come from the Caltech-256
dataset [13]. We convert the color images to grayscale, clip out centered square regions, and resize to
128⇥ 128 using bicubic interpolation. The training set consists of 24485 images, and the validation
and test sets consist of 3061 images each. The columns of each image are observed through a M ⇥N
random measurement matrix A with M = 32 for a compression factor of 4. The dictionary D

consists of Daubechies-8 orthogonal wavelets with four levels of decomposition, and we use initial
values of �1 = 0.5 and �2 = 1 (tuned on the training set), h0 = 0, and ↵ = 1.

We compare our supervised interpretable SISTA-RNN with two conventional supervised black box
stacked RNNs: a generic RNN using the soft-thresholding nonlinearity (8) and a stacked LSTM. All
stacked RNNs use K = 3 layers. We also compare to unsupervised baselines, including SISTA with
a fixed number of iterations K = 3 (which is also used as the initialization for the SISTA-RNN). To
determine the advantage of allowing more iterations, we also test SISTA run to convergence. Finally,
we use `1-homotopy [12], an alternative to SISTA. To give `1-homotopy an edge against supervised
methods, we allow it to use three frames at once for each time step and oracle initialization of the
initial hidden state estimate h0.

The SISTA-RNN is interpretable. For example, it learns new interpretable settings of SISTA parame-
ters as �1 = 3.07, �2 = �0.04 and ↵ = 2.02. The greater value of �1 suggests increased importance
of the sparsity penalty, and greater ↵ suggests a smaller iteration step size. Notice that the learned �2

is negative, and thus loses its interpretability as the product of variance �2 and precision ⌫2. This
fact suggests a modification to the SISTA-RNN architecture that could restore interpretability of �2:
add a nonnegativity constraint on �2. Doing so is an example of feeding back information we learn
from the trained interpretable model to improve its design. Figure 2 shows example outputs of the
different systems, and table 1 shows performance results. As well as being interpretable, notice that
the SISTA-RNN also achieves the best performance both in terms of MSE and peak signal-to-noise
ratio (PSNR), a common objective measure of image quality. Furthermore, notice from the learning
curves in figure 3 that the SISTA-RNN has the additional advantage of training much faster than both
the generic RNN and the LSTM.
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Table 1: Test set results for sequential sparse recovery in terms of number of iterations K, number of
training examples I , mean-squared error (MSE), and peak signal-to-noise ratio (PSNR).

Algorithm # iter. K # tr. I MSE PSNR (dB)

B
as

el
in

es

SISTA (untrained SISTA-RNN) 3 None 4740 12.1
SISTA to convergence  1825 None 3530 13.4
`1-homotopy [12] (oracle)  314 None 1490 17.1
Black box LSTM 3 24885 727 20.7
Black box generic RNN 3 24885 720 20.7
Proposed: interpretable SISTA-RNN 3 24485 584 21.7

Figure 3: Learning curves for supervised models, showing validation MSE versus training epoch.
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hyperbolic tangent and sigmoid nonlinearities of the LSTM. Also, it is possible that the data may not
have long-term dependencies that the LSTM could take advantage of1.
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Figure 3: Visualizations of some initialized and learned SISTA parameters (9) for the SISTA-RNN.
See text for settings of �1, �2, and ↵.
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6 Conclusion

We have shown how SISTA, which corresponds to inference in a probabilistic model, can be viewed
as a deep recurrent neural network, the SISTA-RNN. The trained weights of the SISTA-RNN
maintain their interpretability as parameters of a probablistic model. Furthermore, the SISTA-RNN
outperforms two black-box RNN models on a particular image compressive sensing task. Given this
promising initial result, we intend to apply the SISTA-RNN to other types of data and further explore
how model-based deep networks can assist human interpretability.

1Thanks to an anonymous reviewer for this suggestion.
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• The learned SISTA-RNN weights are interpretable

• Results: SISTA-RNN trains fastest and achieves best performance
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